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Abstract

Non-malleable codes are fundamental objects at the intersection of cryptography and coding
theory. These codes provide security guarantees even in settings where error correction and
detection are impossible, and have found applications to several other cryptographic tasks. One
of the strongest and most well-studied adversarial tampering models is 2-split-state tampering.
Here, a codeword is split into two parts which are stored in physically distant servers, and
the adversary can then independently tamper with each part using arbitrary functions. This
model can be naturally extended to the secret sharing setting with several parties by having
the adversary independently tamper with each share. Previous works on non-malleable coding
and secret sharing in the split-state tampering model only considered the encoding of classical
messages. Furthermore, until recent work by Aggarwal, Boddu, and Jain (IEEE Trans. Inf.
Theory 2024 & arXiv 2022), adversaries with quantum capabilities and shared entanglement
had not been considered, and it is a priori not clear whether previous schemes remain secure in
this model.

In this work, we introduce the notions of split-state non-malleable codes and secret sharing
schemes for quantum messages secure against quantum adversaries with shared entanglement.
Then, we present explicit constructions of such schemes that achieve low-error non-malleability.
More precisely, we construct efficiently encodable and decodable split-state non-malleable codes
and secret sharing schemes for quantum messages preserving entanglement with external systems
and achieving security against quantum adversaries having shared entanglement with codeword
length n, any message length at most n*(Y), and error ¢ = 2" In the easier setting of
average-case non-malleability, we achieve efficient non-malleable coding with rate close to 1/11.
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1 Introduction

Non-Malleable Codes (NMCs), introduced in the work of Dziembowski, Pietrzak, and Wichs
[DPW18], are now considered fundamental cryptographic primitives that provide security guar-
antees even in adversarial settings where error correction and detection are impossible. Informally,
NMCs guarantee that an adversary cannot change the encoding of a message into that of a related
message. They encode a classical message M into a codeword C' in such a way that tampering
C into f(C) using an allowed tampering function f results in the decoder either outputting the
original message M or a message that is unrelated /independent of M. Note that it is impossible to
construct NMCs that protect against arbitrary tampering functions. This is because an adversary
could simply apply the decoder to C', recovering the message M, and then output the encoding of
a related message M + 1 as the tampered version of C. Therefore, previous work on non-malleable
coding has focused on constructing NMCs for restricted, but still large and meaningful, classes of
tampering functions.

One of the strongest and most studied tampering models is split-state tampering, introduced
by Liu and Lysyanskaya [LL12]. In the 2-state version of this model (which is the hardest), we
view a codeword C as being composed of two parts, £; and Es, and an adversary is allowed to
independently tamper with each part using an arbitrary tampering function. In other words, a split-
state tampering adversary consists of a pair of arbitrary functions (f, g), and a codeword (E7, Es)
is tampered to (f(E1),g(FE2)) (see Figure 1 for a diagram of this model). The split-state model
is meaningful because we can imagine that the two parts of the codeword are stored in different
physically isolated servers, making communication between tampering adversaries infeasible.

The notion of non-malleable secret sharing has also been widely studied as a strengthening of
non-malleable codes. Secret sharing, dating back to the work of Blakley [Bla79] and Shamir [Sha79],
is a fundamental cryptographic primitive where a dealer encodes a secret into p shares and dis-
tributes them among p parties. Each secret sharing scheme has an associated monotone® set
I C 20 usually called an access structure, whereby any set of parties T € T, called authorized
sets, can reconstruct the secret from their shares, but any unauthorized set of parties T' ¢ I' gains
essentially no information about the secret. One of the most natural and well-studied types of
access structures are threshold access structures, where a set of parties T' is authorized if and only
if |T'| > t for some threshold ¢.

Non-Malleable Secret Sharing (NMSS), generalizing non-malleable coding, was introduced by
Goyal and Kumar [GK18a] and has received significant interest in the past few years in the classical
setting. NMSS schemes additionally guarantee that an adversary who is allowed to tamper all the
shares (according to some restricted tampering model) cannot make an authorized set of parties
reconstruct a different but related secret. Non-malleable secret sharing is particularly well-studied
in the context of the split-state tampering model described above, whereby an adversary can in-
dependently tamper with each share. Once again, the motivation is that shares are being held
in physically distant devices, making communication between the several tampering adversaries
infeasible.

The split-state and closely related tampering models for codes and secret sharing schemes have
witnessed a flurry of work in the past decade [LL12, DKO13, CG16, CG14, ADL18, CGL20, Lil5,
Lil7, GK18a, GK18b, ADN"19, BS19, FV19, Li19, AO20, BFO*20, BFV21, GSZ21, AKO"22,
CKOS22, Li23|, culminating in recent explicit constructions of classical split-state NMCs of rate

YA set T C 20 is monotone if A € T and A C B imply that B € I'.



1/3 [AKO™'22] and constructions with a smaller constant rate but also smaller error [Li23] (with
a known upper bound on the rate being 1/2 [CG16]). Split-state NMCs and NMSS schemes and
related notions have also found applications in other cryptographic tasks, such as non-malleable

commitments, secure message transmission, and non-malleable signatures [GPR16, GK18a, GK18b,
ADNT19, SV19, CKOS22].

Split-state tampering and quantum computing. Given the rapid development of quantum
technologies, it is natural to consider NMCs and NMSS schemes in the quantum setting and examine
how adversaries with quantum capabilities affect previous assumptions made about tampering
models. For instance, all known NMCs are tailored to classical messages, but it is equally important
to design non-malleable coding schemes that allow us to encode quantum states as well. Moreover,
the possibility of attackers with quantum capabilities challenges the independence assumption made
in the split-state models described earlier. Although servers holding different parts of the codeword
(or different secret shares) may be physically isolated from each other, the tampering adversaries
attacking each server may have pre-shared a large amount of entangled quantum states. Access to
such shared entanglement can provide non-trivial advantages to these adversaries beyond what has
been considered in the classical tampering models. For example, in the Clauser-Horne-Shimony-
Holt (CHSH) game [CHSHG69], non-communicating parties can use local measurements on both
halves of an EPR state to achieve a higher success probability than what is possible using fully
classical strategies. Therefore, it is not clear whether any of the existing classical NMCs and
NMSS schemes remain secure in the augmented split-state tampering models where the adversary
is allowed to make use of arbitrary shared entanglement across multiple states (see Figure 2 for
a diagram of the split-state tampering model for two states). The only exception to this are the
recent work of Aggarwal, Boddu, and Jain [ABJ24] and the concurrent work of Batra, Boddu, and
Jain [BBJ23]. The former constructs explicit NMCs for classical messages that are secure in the
2-split-state tampering model, while the latter focuses on explicit quantum-secure non-malleable
randomness encoders (NMRE) with a higher rate in the same tampering model, and uses these
objects to non-malleable codes in the 3-split-state model? for quantum messages.

The shortcomings of existing split-state non-malleable coding schemes in the face of quantum
messages and adversaries raise the following natural question:

Can we design efficient 2-split-state NMCs and split-state NMSS schemes for quantum
messages secure against quantum adversaries with shared entanglement?

We resolve this question in the affirmative.

1.1 Ouwur contributions
1.1.1 Split-state non-malleable codes for quantum messages

As our first contribution, we propose a definition of split-state non-malleability for quantum mes-
sages against adversaries with shared entanglement. Our definition is a natural extension of the
one considered for classical messages in the literature [DPW18]. Here, we present it specifically for
the 2-split-state case, which is our main setting of interest.

Let o be an arbitrary state in a message register M, and o, be its canonical purification. We
consider a (2-split-state) coding schemes given by an encoding Completely Positive Trace-Preserving

2Meaning that the codeword is divided into three parts and the adversary tampers each part independently.
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(CPTP) map Enc : L(Hy) = L(HE, ® Hp,) and a decoding CPTP map Dec : L(HE, ® Hg,) —
L(Har), where L(H) is the space of all linear operators in the Hilbert space H.

The most basic property we require of this coding scheme (Enc,Dec) is correctness (which
includes preserving entanglement with external systems), i.e.,

Dec(Enc(o ;) = oy

where we use the shorthand T to represent the CPTP map T ®I whenever the action of the identity
operator I is clear from context.

Before we proceed to define split-state non-malleability, we describe the split-state adversar-
ial tampering model in the quantum setting. Let pp,p, = Enc(ops) be the split-state encod-
ing of message oj;. A split-state tampering adversary A is specified by two tampering maps®
U: LHg, @Hw,) = LHEg, @ Hw,) and V : L(HE, @ Hw,) — L(HE, ® Hw,) along with a
quantum state |¢)w,w, that captures the shared entanglement between the non-communicating
tampering adversaries. Finally, the decoding procedure Dec is applied to the tampered codeword.
Figure 2 presents a diagram of this tampering model. Let

n="Dec ((U & V) (Enc(oy,) @ ) e]) (UF @ V1)

be the final state after applying the split-state tampering adversary A followed by the decoding
procedure.
We are now ready to define split-state non-malleability of the coding scheme (Enc, Dec).

Definition 1 (Worst-case and average-case non-malleable codes for quantum messages). We say
that the coding scheme (Enc,Dec) is a (worst-case) e-non-malleable code for quantum messages if
for every split-state adversary A = (U, V, |Y)w,w,) and every quantum message opr (with canonical
purification o, ) it holds that

Marny e PAG vy + (L= pa)Vir ® oy, (1)

where p4 € [0,1] and ’yﬁ depend only* on the split-state adversary A, and ~. denotes that the two
states are e-close in trace distance.

If Equation (1) is only guaranteed to hold when oy is the mazimally mized state, then we say
that (Enc, Dec) is an average-case e-non-malleable code for quantum messages.

Remark 1. Intuitively, our definition of average-case non-malleability for quantum messages in
Definition 1 is analogous to requiring that the average non-malleability error of a given classical
code is small when averaged over a uniformly random message. Later, in Lemma 9, we show that
every average-case non-malleable code for quantum messages is also a worst-case non-malleable
code, though with a larger error.

3Tampering maps are assumed to be unitary without any loss of generality. This is because, in the presence
of unbounded arbitrary shared entanglement, tampering with unitary maps is equivalent to tampering with CPTP
maps. More precisely, consider a tampering adversary that uses two CPTP maps ®; and ®2 acting on registers
EAW1 and E2Wa, respectively. Then, the action of this adversary is equivalent to another adversary who tampers
using Stinespring isometry extensions U and V of ®; and ®2, respectively, which act on E1W;A; and ExsWyAs,
respectively, where A; and As are unentangled ancilla registers set to |0) without loss of generality and can be seen
as part of the shared entanglement.

4By this, we mean that p4 can be computed and the state viy can be prepared without the knowledge of the
input message o, ;-



Definition 1 can be readily extended to encompass arbitrary classes of tampering adversaries.
However, for the sake of readability, we do not provide the generalization here. In the context of
split-state tampering, we present the following two results.

Our first result gives an explicit average-case 2-split-state NMC for quantum messages with rate
arbitrarily close to 1/11.

Theorem 1 (Average-case 2-split-state NMC for quantum messages with constant rate). For any
fized constant 6 > 0 there exist an integer ng > 0 and ¢ € (0,1) such that the following holds:
There exists a family of coding schemes (Cp)nen where each C,, has codeword length n and message
length L(l—ll — 5) n| such that Cy, is average-case e-non-malleable for quantum messages with error
e = 27" for all integers n > ng. Furthermore, there exist encoding and decoding procedures for the
family (Cp)nen Tunning in time poly(n).

Our second result, which builds on Theorem 1, gives an explicit construction of a worst-case
2-split-state NMC for quantum messages.

Theorem 2 (Worst-case 2-split-state NMC for quantum messages). There exist constants ¢ € (0,1)
and ny € N such that the following holds: There exists a family of coding schemes (Cp)nen where
each Cy, has codeword length n and message length |n¢| such that C,, is e-non-malleable for quantum
messages with error € = 27" for all integers n > ng. Furthermore, there exist encoding and
decoding procedures for the family (Cp)nen Tunning in time poly(n).

In fact, we show something stronger: The explicit code from Theorem 2 is actually a 2-out-
of-2 non-malleable secret sharing scheme for quantum messages with share size n, any message of
length at most n*1) and error ¢ = 2" We refer the reader to Section 1.1.2 for more details
on non-malleable secret sharing.

1.1.2 Split-state non-malleable secret sharing schemes for quantum messages

We begin by defining threshold non-malleable secret sharing schemes for quantum messages. This
is an extension of our definition of 2-split-state non-malleable codes in Section 1.1.1, and it is
analogous to the definition in the classical setting [GK18a]. We focus on threshold schemes for
simplicity, but the definition can be easily generalized to other access structures.

Let oy be an arbitrary state in a message register M, and o, be its canonical purification.
An NMSS scheme for p parties is composed of two CPTP maps (nmShare, nmRec). nmShare is a
sharing procedure nmShare : L(Hys) — L(Hs, ®Hs, ®@---®@Hg,), where S; is the share register for
the i-th party, and nmRec is a reconstruction procedure nmRec : £L(Q),cr Hs;) — L(Har), where
L(H) is the space of all linear operators in the Hilbert space H. The reconstruction procedure
nmRec acts on any authorized subset of shares 71" to reconstruct the original message.

Before we proceed to define non-malleability, we describe the adversarial tampering model
for secret sharing. This is a simple extension of the 2-split-state tampering model described in
Section 1.1.1. Fix an authorized subset T' of parties. A tampering adversary Ar is specified by
|T| tampering maps® U; : L(Hg, @ Hw,) — L(Hs, ® Hw,) for i € T along with a quantum state
|) Wy W...w,, which captures the shared entanglement between non-communicating local tampering

STampering maps are assumed to be unitary without any loss of generality.



adversaries. We denote the overall tampered state by 77, which may be written as

FAT — <® Ui) & ®H (nmShare(UMM) @ W><¢|W1W2.._Wp) <® Uj) ® ®]I

ieT jeT ieT je&T
Let the final state of the tampering experiment be
1n = nmRec (Téf;:r) .

We are now ready to define split-state NMSS schemes, in a similar manner to Definition 1 for
split-state NMCs.

Definition 2 (Threshold non-malleable secret sharing scheme for quantum messages). The coding
scheme (nmShare, nmRec) is said to be a t-out-of-p (€priv, €nm)-non-malleable secret sharing scheme
for quantum messages if for any quantum message opy € D(Har) (with canonical purification o, ;)
the following properties are satisfied:

e Correctness: For any T C [p] such that [T'| >t it holds that
nmRec(nmShare(o,, )s:) = 00
where we write Sp = (S;)ier-
e Statistical privacy: For any T C [p]| such that |T'| <t —1 it holds that
nmShare(o) v Ry, Oxp @ CSrs
where (g, is a fized quantum state independent of oy, ;-

e Non-malleability: For any T C [p] such that |T| =t, it holds that
Mt e PAOyyp + (1= Par )V © 0, (2)

where pa, € [0,1] and yﬁT depend only® on the threshold tampering adversary Ar, and ~,
denotes that the two states are e-close in trace distance.

If Equation (2) is only guaranteed to hold when oy is the maximally mized state, then we say
that (nmShare, nmRec) is an average-case t-out-of-p (€priv, €nm)-non-malleable secret sharing
scheme for quantum messages.

As our main result in this direction, which builds on Theorem 2, we construct efficient split-state
NMSS schemes for quantum messages realizing more general threshold access structures with low
privacy and non-malleability errors.

Theorem 3 (Split-state threshold NMSS schemes for quantum messages). There ezist constants
¢,C > 0 and an integer ng € N such that the following holds for any number of parties p and
threshold t > 3 such that t < p < 2t — 1 and for any n > ng: There exists a family of t-out-
of-p (Epriv = €,6nm = €)-non-malleable secret sharing schemes for quantum messages with shares
of size at most (pn)©, message length |n¢|, and error ¢ = 27"°. Furthermore, the sharing and
reconstruction procedures of this scheme can be computed in time polynomial in p and n.

5By this, we mean that p A can be computed and the state 'y]“C\IT can be prepared without the knowledge of the
input message o, ;-



Combined with our previously discussed 2-out-of-2 non-malleable secret sharing scheme for
quantum messages, Theorem 3 covers all remaining threshold access structures for which secret
sharing is possible in the quantum setting (i.e., those which do not violate no-cloning) except
2-out-of-3. We leave constructing a 2-out-of-3 non-malleable secret sharing scheme for quantum
messages as a very interesting open problem.

Finally, an analogous realization of the approach behind Theorem 3 using the same techniques
allows us to obtain classical threshold non-malleable secret sharing schemes secure against quantum
adversaries with shared entanglement. See Section 4.7 for more details, including a formal result.

1.2 Other related work

In this section, we discuss relevant prior work on classical NMCs and on quantum non-malleability
beyond what we covered above.

Classical NMCs. The first work on NMCs by Dziembowski, Pietrzak, and Wichs [DPW18]
showed that, surprisingly, there exists a (possibly inefficient) NMC against any family of at most
22"" tampering functions, where o < 1 is an arbitrary constant, and n is the message length. The
best possible rate of (possibly inefficient) NMCs was studied by Cheraghchi and Guruswami [CG16],
who showed that split-state NMCs can have a rate of at most 1/2. To complement the above,
[DPW18] constructed efficient NMCs in the bitwise tampering model, a strictly weaker model than
split-state tampering, where each bit of the codeword is tampered independently. As discussed
before, this spurred a deep line of work which recently culminated in explicit constructions of
constant-rate NMCs in the split-state model [AO20, AKOT22].

Several works have also studied NMCs against computationally-bounded adversaries from var-
ious hardness assumptions and setups, such as a common reference string. Naturally, in such re-
stricted settings, it is possible to achieve a better rate while allowing the adversary to perform many
adaptive tamperings in a row. Computationally-restricted tampering models include polynomial-
time algorithms [FMNV14], split-state polynomial-time adversaries [AAG™16], bounded-depth cir-
cuits [BDKM16, BDKM18, BEMV22], low-degree polynomials [BCL"20], decision trees [BDKM18,
BGW19], and streaming space-bounded algorithms [FHMV17, BDKM18]. Some other works
have studied constructions of short NMCs based on conjectured properties of practical block ci-
phers [FKM18, BFRV22] or extractable hash functions [KLT16].

We note that existing works in these settings only consider classical messages and adversaries.

Classical NMSS schemes. The notion of non-malleable secret sharing first appeared implicitly
in the work of Aggarwal, Dziembowski, Kazana, and Obremski [ADKO15], where it was shown
that every classical 2-split-state NMC is also a 2-out-of-2 secret sharing scheme with statistical
privacy. NMSS schemes were then studied explicitly and in much greater generality by Goyal and
Kumar [GK18a, GK18b], leading to a long line of research on classical split-state non-malleable
secret sharing, as mentioned above.

Classical NMSS schemes have also been studied in tampering models beyond split-state tam-
pering. For example, the original works of Goyal and Kumar [GK18a, GK18b| also consider a
”joint” tampering model where, under certain restrictions, tampering adversaries may tamper with
subsets of multiple shares, instead of only a single share. Stronger joint tampering models have
been considered in the computational [BFO"20] and information-theoretic settings [GSZ21].
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In an orthogonal direction, other notions of non-malleability where the adversary learns the
reconstruction of tampered secrets with respect to multiple authorized subsets of parties have also
been studied [ADN*19, BFO*20].

Other notions of quantum non-malleability. Some other notions of non-malleability for
quantum messages have been studied in the context of keyed coding schemes by Ambainis, Bouda,
and Winter [ABW09] and Alagic and Majenz [AM17]. In the keyed setting, quantum authentication
schemes [BW16] also provide non-malleability, since they allow one to detect tampering on the
encoded quantum data.

We can view the setting studied in [ABW09, AM17] for keyed coding schemes in the split-state
model as follows (see Figure 3 for a diagram of the model): Let ops be the quantum message, and
R be the key shared between the encoder and decoder. Let ops be encoded to pz = Encgr(oas).
Then, the adversary tampers pz — 7z, and the decoder outputs 7y = Decg(7z). Since the key
R is available at both the encoder and decoder, we can view R as being the second part of the
codeword, with the register Z being the first part of the codeword. Observe that in this model,
the adversary is only allowed to tamper with the first part of the codeword, while our split-state
tampering model allows the adversary to simultaneously but independently tamper with both parts
of the codeword. Alagic and Majenz [AM17] used unitary 2-designs in their protocol for encoding
and decoding. However, we note that their security definition involving mutual information appears
a priori different from our Definition 1.

The question of whether one can even build split-state non-malleable coding schemes for quan-
tum messages when there is no shared key and when the split-state adversary can tamper with
both registers (with or without shared entanglement) remained open. In this work, we resolve this
question in the affirmative.

Table 1 summarizes the main properties of known constructions of split-state NMCs and related
constructions of keyed quantum schemes.

Concurrent work. In concurrent and independent work, Bergamaschi [Ber23] introduces, among
other things, a natural quantum analogue of the bitwise tampering model [DPW18], where each
qubit of the encoding is tampered independently, and constructs high-rate codes in this setting
satisfying a restricted form of keyless authentication called tamper detection which is somewhat
stronger than non-malleability. We note that this result is incomparable to ours. First, we consider
tampering adversaries with access to shared entanglement, while Bergamaschi [Ber23] only studies
the weaker setting where the various tampering adversaries are unentangled. In fact, tamper-
detection codes (where the receiver either recovers the original message or aborts if they detect the
adversary) are impossible to construct against adversaries with access to shared entanglement. This
is because such adversaries can replace the quantum ciphertext with a fixed valid codeword. Second,
the split-state tampering adversaries we study are much more powerful than bitwise tampering
adversaries.

As already discussed above, in another concurrent work Batra, Boddu, and Jain [BBJ23] con-
structed a classical 2-split-state non-malleable randomness encoder secure against quantum ad-
versaries having shared entanglement with rate close to 1/2. They use it to build constant-rate
quantum secure 3-split-state NMCs for quantum messages.

11
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Figure 3: Quantum NMC with shared key.
Work by Rate Messages Adversary Shared key
CGL20 . — classical classical No
poly(n)

[Lil7] Q (103;”) classical classical No
[Lil9] Q (%) classical classical No
[AO20] Q1) classical classical No
[Li23] Q1) classical classical No
[AKO'22] 1/3 classical classical No
[ABJ24] m classical quantum No
[BBJ23] ~1/5 (average-case) classical quantum No
[AM17] Q(1) quantum quantum Yes
This work ~1/11 (average-case) quantum quantum No
This work pobll(n) quantum quantum No

Table 1: Comparison between the best known explicit constructions of 2-split-state NMCs. Here,
n denotes the codeword length.
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1.3 Technical overview
1.3.1 Split-state NMCs for quantum messages

We follow a high-level strategy similar to that of Aggarwal, Agrawal, Gupta, Maji, Pandey, and
Prabhakaran [AAGT16], who used authenticated encryption to transform any (augmented) split-
state non-malleable code into a high-rate split-state non-malleable code resilient to computationally-
bounded tampering in the classical setting. The main challenge we have to deal with, and which is
not considered in [AAGT16], is that our tampering adversaries have quantum capabilities and are
allowed to a priori share arbitrary entangled quantum states.

As a warm-up to our main construction, let us consider a simpler and natural approach that
yields a 3-split-state non-malleable code for quantum messages. First, we observe that if we have a
shared classical secret key R between the encoder and decoder, then we can detect whether arbitrary
tampering has occurred by encoding the quantum message op; with a quantum authentication
scheme (Authpg, Verg) [BCGT02, BW16]. Therefore, a reasonable approach would be to first encode
the message using this quantum authentication scheme, then encode the key R using an existing
split-state non-malleable code for classical messages, and lastly output the split-state encoding of
R as part of the final codeword.

Fortunately, since R is a classical string, we can use the split-state non-malleable code (cEnc, cDec)
of Aggarwal, Boddu, and Jain [ABJ24], which protects against quantum adversaries! Less fortu-
nately, cEnc(R) yields a codeword with two parts, call them R; and Rp, that cannot be stored
together.

To elaborate on this approach, let’s define a quantum authentication scheme as (Authg, Verg),
where Authpg is a quantum encoding procedure that takes a quantum state ojp; and a classical
secret key R and outputs an authenticated state ) = Authr(os). The verification procedure Verp
takes an authenticated state ¢’ and the secret key R as input, and outputs either 1 (accept) or
0 (reject). The overall encoding procedure Enc(ojy) for our 3-split-state non-malleable code is as
follows:

1. Sample a classical secret key R uniformly at random from an appropriate keyspace.

2. Compute the authenticated state 1) = Authg (o) using the quantum authentication scheme.
3. Compute the classical split-state encoding (R, R2) = cEnc(R).

4. Output the 3-state codeword (¢, Ry, Ro).

To decode a possibly tampered codeword (¢, R}, R5), the decoding procedure Dec works as
follows:

1. Use the classical decoder cDec(R], R)) to obtain a candidate key R'.

2. Run the verification procedure Verg/(¢') to check the authenticity of the quantum state 1’
using the candidate key R'.

3. If the verification procedure outputs 1 (accept), then output Dec(¢’, R}, R)). Otherwise,
output a special symbol to indicate tampering.

This approach leverages the quantum authentication scheme to detect any tampering of the
quantum message, and the classical split-state non-malleable code to protect the classical key R
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against tampering. Intuitively, if we consider quantum adversaries without shared entanglement,
the non-malleability of the 3-state coding scheme can be understood as follows: If the adversary
attempts to tampering with R; and R, then the properties of the classical split-state non-malleable
code (cEnc, cDec) guarantee that either the candidate key R’ remains unchanged (R’ = R) or that
it becomes independent of R. In the former case, when the decoder Dec calls Verg(¢)'), the quantum
authentication scheme will, with high probability, detect whether 1)’ # 1), indicating tampering, and
Dec will abort the decoding process. In the latter case, the decoder calls Verp/ (¢)') with R’ being
independent of R and, consequently, independent of ¢ as well. Choosing a quantum authentication
scheme, such as Clifford-based authentication, it is possible to show that Verpg/ (1)') will output a
state independent of (and thus unrelated to) the message o with high probability.

Overall, this approach combines the strength of quantum authentication to detect tampering
with the quantum message and the non-malleability property of the classical split-state code to
protect the classical key R against tampering. By leveraging these properties together, we obtain a
3-split-state non-malleable code for quantum messages. Although the coding scheme above already
gives some non-malleability guarantees for quantum messages, it features some major shortcomings.
First, it requires dividing the codeword into three parts which must be stored separately. Ideally,
we would like to construct efficient coding schemes that only need to be divided into two parts.
Second, our argument above only works against quantum adversaries without shared entanglement.
However, as we move to the more powerful setting with adversaries having shared entanglement,
we need to develop more sophisticated techniques to ensure non-malleability.

Split-state non-malleable codes for average-case quantum messages. Perhaps the most
natural approach to building a split-state non-malleable code secure against quantum adversaries
with shared entanglement would be to take our 3-state code above and merge two of the parts.
More precisely, we could attempt to analyze the code which outputs

(¢a Rl) and RZ

as its two parts, where we recall that 1 is the authenticated state via the secret key R and (R, R2) =
cEnc(R) is the classical split-state non-malleable encoding of R.

This matches the approach taken in [AAGT16]. However, as already mentioned above, they
did not have to handle quantum adversaries with shared entanglement. Although this is also
essentially the approach we successfully undertake, establishing non-malleability of this modified
coding scheme is significantly more involved than the intuitive argument laid out above, and also
requires some small further changes to the scheme. Indeed, one of the first difficulties arises due to
the use of trap flags” in the authentication schemes, as we will discuss subsequently. We note that,
unlike in an authentication scheme, the decoder need not output L in a non-malleable code, since
error detection is not required. We therefore get rid of the trap flags used in the authentication
scheme specified in the 3-split argument above, and this is one of the first insights that allows our
analysis to work.

We first describe a sub-optimal version of our approach in the setting of average-case non-
malleability, and then discuss how its rate can be optimized. Per Definition 1, this corresponds

"Clifford-based quantum authentication schemes apply a random (secret) Clifford operator to the message plus
several additional “trap registers” initialized to |0). Verifying whether tampering of the authenticated state occurred
consists of checking whether the trap registers all return to the |0) state after applying the inverse Clifford operator.
If this does not hold, then the verification procedure outputs the special symbol L, which we call the “trap flag”.
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to the scenario where the message o is assumed to be a maximally mixed quantum state with
canonical purification o, ;. To construct our split-state non-malleable code for quantum messages,
we use random Clifford unitaries {(C, CTT)}TF r with underlying classical randomness R, along with
the classical split-state coding scheme (cEnc, cDec) designed in [ABJ24] as a quantum-secure non-
malleable code for the classical string R.

Inspired by the 3-state approach above, we use (cEnc,cDec) to protect the key R in a non-
malleable manner, and then use the random Clifford Cg to protect the quantum message ops. This
yields the following encoding procedure Enc(ojps), where we use slightly different notation than
the above to facilitate our analysis (see also Figure 5 for a diagram of our encoding and decoding
procedures):

1. Sample a classical secret key R uniformly at random (independent of o,,,,) from an appro-
priate keyspace;

2. Compute the state (o1)z = CR(O'M)CL;
3. Compute the split-state encoding cEnc(R) = (01)xv;

4. Output the 2-part codeword ((01)zx, (01)y).

The message o = Uns, along with its purification register M, is thus encoded into (1) yrzxy

As our first observation, note that the register Z, which holds the Clifford-protected message,
may carry information about the classical key R, since (01)z = CR(O'M)CE. Fortunately, since
oy = Uy, where Uy is a maximally mixed state, we have

(01)zxy = (01)7z ® (01)xY-

One may then expect that we can use the argument of [ABJ24] for classical messages to argue that
the key R remains secure even if the adversary sees the register Z when tampering one of the parts
of cEnc(R). Unfortunately, the argument of [ABJ24] does not go through in this scenario. Namely,
for (cEnc,cDec) to protect the key R in a non-malleable manner after adversarial tampering we
need that

(D) irzxy = (@1) 51, ® (01)xv-

However, it can be verified that the registers MZ are not independent of XY in state o1. To
circumvent this issue, we use the transpose method (see Fact 18) for state o,,,,, and note that
the application of the random Clifford gate C'r and the adversarial operations commute in o; (see
Figures 5 and 6). This allows us to delay the operation Cr on register M (see Figure 7). Crucially,
we could not have used the transpose method in the presence of flag registers as employed in
quantum authentication.

Carefully combining the above with arguments from [ABJ24], we conclude that (cEnc,cDec)
can protect the key R after adversarial tampering on state §; (which corresponds to the state prior
to applying the Cr operation on register M in Figure 7), since

(01) yrzxy = (01) 57 @ (01) xy-

Let 6 be the state obtained after adversarial tampering on ¢;. By the properties of (cEnc, cDec),
we are essentially guaranteed that either R* = R or that R is independent of R in 6. However,
this is not enough, and we observe that (cEnc, cDec) actually guarantees something even stronger!
More precisely, in state o we have either:

15



e R =R and R is independent of registers ZM:;
e R is independent of R'ZM.

In the case where R is independent of R'Z M , applying the delayed operation Cr on register M
decouples the registers R'Z ® M, and so we are done. We are thus left to analyze the case where
R = R’ and R is independent of registers ZM. Here, we make use of the 2-design properties of
the Clifford scheme (Cpg, C’E). Roughly speaking, first suppose that the adversary applied Iz on
register Z. Then, since the message was maximally mixed, we conclude that we get an EPR state as
the outcome of the tampering experiment (after the decoding procedure is applied). Now, suppose
that the adversary applied some P # [z on register Z. We make use of Clifford randomization and
the twirl property to handle this scenario. To elaborate, first note that the state

(I® P)(01) y,(1® PT)

is in a subspace orthogonal to an EPR state in MZ. Consider the state after applying the delayed
operation Cr on register M and C’}E on register Z. Here, Clifford randomization and the twirl
property ensure that any state orthogonal to an EPR state in registers MZ is exactly maximally
mixed in a subspace (of dimension 4IM] 1) orthogonal to this EPR state in registers MZ (see
Lemma 8). As a result, the outcome of the tampering experiment after the decoding procedure is
applied is close in trace distance to Uy, @ Ups. Our proof overall crucially uses interesting properties
of the Pauli and Clifford unitaries including Pauli twirl, Clifford twirl, and Clifford randomization.

Improving the rate from sub-constant to constant in the average-case setting. An
important quantity associated with a (non-malleable code) is its rate — the ratio between the
size of a message and the size of its corresponding encoding. Looking at the proposed approach
we discussed above, we conclude that its rate is sub-constant, i.e., the size of the encoding is a
superlinear function of the message size. The main reasons behind this are as follows: First, the
classical key R that we use to sample the Clifford operator Cr is much longer than the message
on (In fact |R| = O(|M]?)). Second, the rate of the underlying non-malleable code for classical
messages (cEnc, cDec) from [ABJ24] is already sub-constant.

We now explain how our approach above can be modified to yield a constant-rate average-case
non-malleable code for quantum messages. First, instead of using the whole Clifford group, we can
use a shorter random key R to sample a Clifford operator from a smaller subgroup with special
properties that suffice for our needs. A result of Cleve, Leung, Liu, and Wang [CLLW16] guarantees
that this can be done efficiently with a classical key R of length at most 5|M|. Second, observe that
we only care about obtaining a split-state non-malleable encoding of a uniformly random classical
key R. This means that we can replace the classical split-state non-malleable code (cEnc,cDec)
from [ABJ24] by a Non-Malleable Randomness Encoder (NMRE), an object originally introduced
by Kanukurthi, Obbattu, and Sekar [KOS18] and whose known constructions enjoy much better
rates than non-malleable codes. Batra, Boddu, and Jain [BBJ23] recently constructed a classical
NMRE secure against quantum adversaries having shared entanglement with a rate close to 1/2.% In

8For the experienced reader, Batra, Boddu, and Jain [BBJ23] construct an explicit quantum-secure 2-source non-
malleable extractor nmExt with a large output length. We can then sample classical bitstrings X and Y uniformly
at random with appropriate lengths and set the classical key R to be R = nmExt(X,Y); this is the quantum-secure
classical NMRE that we use in our optimized coding scheme.
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contrast, as mentioned above, the NMC for classical messages from [ABJ24] only has a sub-constant
rate.

Using these two results in our previously described approach allows us to improve the rate of
our average-case NMC for quantum messages from sub-constant to close to 1/11.

From average-case to worst-case NMCs for quantum messages. In the discussion above
we assumed that the quantum message was maximally mixed. However, we would like to show that
our code is a worst-case NMC, i.e., it is non-malleable for any fixed quantum message.

Consider an arbitrary quantum message pps with canonical purification p,,,;. Recall that
oy 18 the canonical purification of o)y = Uy Using a 9uantum rejection sampling argument
(see Fact 7), we obtain a measurement acting on register M of o such that the state conditioned
on “success” is exactly p. Moreover, this measurement on the register M commutes with Enc,
Dec, and the adversarial operations, and it succeeds with probability 27|, If the error of the
underlying average-case NMC is €, then this measurement allows us to argue non-malleability of
the same NMC for any message pys (i.e., worst-case non-malleability) with larger error ¢’ = oMl . ¢,
and we can easily handle this blow-up in the error at the expense of dropping the rate of the code
from constant to sub-constant. Intuitively, this happens because of the following: Suppose that
there is a fixed message p for which Equation (1) (with p in place of o) holds only with error
larger than &’. Therefore, when faced with a maximally mixed message o,,,,, we can apply the
measurement above to M and, if the measurement succeeds and the resulting state is p, distinguish
with advantage larger than ¢’. Since the measurement succeeds with probability at least 271! the
overall distinguishing advantage is larger than 271M|. ¢/ = ¢ which contradicts the average-case
e-non-malleability of the NMC.

1.3.2 Threshold split-state NMSS schemes for quantum messages

At a high level, in order to construct our threshold NMSS schemes for quantum messages, we
combine our split-state NMC for quantum messages above with the approach of Goyal and Ku-
mar [GK18a] used to construct NMSS schemes in the classical setting. However, as we will discuss,
following this approach in the quantum setting poses various challenges.

Roughly speaking, the approach of Goyal and Kumar [GK18a] for building NMSS schemes
proceeds as follows for p parties and a threshold 3 <t < p. On input a message m, first encode it
with the split-state NMC to generate two states, L and R. Now, apply a standard t-out-of-p secret
sharing scheme to L (say, Shamir’s secret sharing), yielding shares Ly, ..., L,. Furthermore, apply
a 2-out-of-p leakage-resilient secret sharing scheme to R, yielding shares Ri,..., R,. Intuitively,
a secret sharing scheme is leakage-resilient if the input remains private even when the adversary
learns an unauthorized subset of shares plus bounded side information from every other share.
Finally, set the resulting i-th share S; as S; = (L;, R;) for each i € [p].

To argue the non-malleability of this construction, Goyal and Kumar showed how to transform
any tampering attack on the resulting secret sharing scheme into an essentially-as-good tampering
attack on the underlying 2-split-state NMC. The main challenge in designing such a reduction
is that the two tampering functions for the underlying NMC must act independently — we must
tamper L without knowledge of R, and vice versa. On the other hand, the i-th tampering func-
tion for the secret sharing scheme tampers (L;, R;) into (L}, R}), and so potentially has access to
some information from both L and R. For simplicity, let L’ and R’ denote the tampered secrets
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reconstructed from (L}, ..., L}) and (R}, R}), respectively.

Showing that we can obtain R’ from R without knowing L is easy. This follows because R’ is
fully determined by R} and R/, which in turn only depend on L; and Ls. Since the L;’s are a t-out-
of-p Shamir secret sharing of L with threshold ¢ > 3, the two shares Ly and Lo are independent of
L. However, arguing that we can (up to small error) obtain L’ from L without knowledge of R is a
lot trickier. The previous argument clearly does not immediately work since the ¢ shares L], ..., L}
depend on Ry, ..., Ry, respectively, which determine R. This is where the leakage-resilience property
kicks in — if we see the L’s as bounded leakage on the R;s, then leakage-resilience guarantees that
R is (close to) independent of the leakages L), ..., L}, and so is independent of L'.

Realizing this approach in the quantum setting. We follow the same high-level approach
for a quantum message ops. To that end, we first replace the classical split-state NMC by our
NMC for quantum messages discussed previously. We use additional key properties of our NMC:
(1) The resulting left state L is quantum, but the right state R is classical, and (2) we prove that it
is actually a 2-out-of-2 split-state NMSS scheme, and so, in particular, learning only one of L and
R reveals nothing about o,. Since L is quantum, we now apply a standard ¢-out-of-p (for p < 2t)
secret sharing scheme for quantum messages, such as “quantum” Shamir secret sharing [CGL99],
to get quantum shares (L1, ..., L,). And, since R is classical, we secret-share it using a 2-out-of-p
scheme satisfying a special leakage-resilience property that we will determine later.

Establishing correctness and privacy of the resulting t-out-of-p secret sharing scheme is not
difficult using property (2) of our NMC above. It remains to prove non-malleability. Arguing that
R’ can be obtained from R without knowledge of L still follows easily from the fact that R is shared
using a 2-out-of-p scheme, while L is shared using a t-out-of-p scheme with ¢t > 3. Here, it is crucial
that R is classical. Otherwise, a 2-out-of-p scheme would not exist when p > 4, and this means that
we would not be able to, say, construct (p/2 + 1)-out-of-p split-state NMSS schemes for quantum
messages for any even p using this approach.

We also want to argue that L’ can be obtained from L without knowledge of R. As before, we
would like to see L, ..., L;, as leakages on the secret shares Ry, ..., Ry, and then exploit the leakage-
resilience of the scheme used to share R to conclude that R is independent of L], .. ., L;, and hence
of L'. However, realizing this in our quantum setting requires stronger leakage-resilience properties:
First, the tamperings L7, ..., L; are now quantum states. Second, the tampering functions in our
setting share arbitrary entangled states. This means that the i-th tampering function now sees
(L;, Ri, W;), where Wy,..., W, are quantum registers holding an arbitrary state. To overcome
these barriers, we introduce augmented leakage-resilient secret sharing schemes. This corresponds
to a setting where there are p local adversaries Aq,..., A, sharing an arbitrary entangled state
spread across registers Wy, ..., W), respectively, and each one having access to a share Ry,..., Rp.
We require that R remains hidden even if A; knows the share R;, local bounded quantum leakages
Leak; (R, Wh),. .., Leakij—1(Ri—1, Wi_1), Leakijt1(Ri—1, Wit1), ..., Leak,(R,, W),) from every other
share, and also the entangled state W; (hence the “augmented” adjective). We prove that the
2-out-of-2 secret sharing scheme whereby R is shared into X and Y sampled uniformly such that
(X,Y) = R is augmented leakage-resilient with good parameters. This relies on the randomness
extraction properties of the inner product function and the formalism of “gpa-states”® [BJK21].
We can then extend this scheme to a 2-out-of-p augmented leakage-resilient scheme for classical
messages in a standard manner. Although notions of leakage-resilience against quantum adversaries

9qpa-state stands for quantum purified adversary state.
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with shared entanglement have been studied in other recent work [CGLR23|, these do not cover
augmented leakage-resilience.

Besides the above, proving non-malleability requires dealing with additional subtleties specific
to the quantum setting. The original non-malleability argument in [GK18a] proceeds by fixing
the values of certain components (e.g., shares, leakages). However, we cannot fully emulate this
approach in the quantum setting: The left state L is quantum, and so are the bounded leakages that
show up in the analysis. Therefore, we cannot fix them. Moreover, again because L is quantum, it
is modified after the tampering functions are applied, but we still need to access the “original” L in
the analysis. For this, with some work, we can use the message’s canonical purification register M
to generate a new register L which can be thought of as a coherent copy of the original left state
L.

1.4 Open problems

We list here some interesting directions for future research:

e Can we design (worst-case) split-state NMCs for quantum messages with a constant rate?
This is open even for classical messages against quantum adversaries with shared entangle-
ment. More ambitiously, can we construct (worst-case) split-state NMSS schemes for quantum
messages with a constant rate?

e Can we construct 2-out-of-3 split-state non-malleable secret sharing schemes for quantum
messages?

e Can we design NMSS schemes for quantum messages that are secure against joint tampering
of shares?

e What can we achieve if we consider computationally-bounded adversaries instead?
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2 Preliminaries

This section collects basic notation and conventions alongside useful facts and lemmas that we use
in the proofs of our main results. In this work, facts denote results already known from prior work,
and lemmas denote auxiliary results that we prove here.
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2.1 Basic general notation

All the logarithms are evaluated to the base 2. We denote sets by uppercase calligraphic letters such
as X and use uppercase roman letters such as X and Y for both random variables and quantum
registers. The distinction will be clear from context. The set {1,...,n} may be written as [n],
and we may also more generally write [t,n] for the set {t,£+ 1,...,n}. We denote the uniform
distribution over {0, 1}¢ by Uy. For a random variable X € X, we use X to denote both the random
variable and its distribution, whenever it is clear from context. We use = <— X to denote that x is
drawn according to X, and, for a finite set X', we use x < X to denote that x is drawn uniformly at
random from X. For two random variables X, Y we use X ® Y to denote their product distribution.
We call random variables X and Y copies of each other if and only if Pr[X =Y] = 1.

2.2 Quantum information theory

In this section we cover some important basic prerequisites from quantum information theory
alongside some useful lemmas and facts.

2.2.1 Conventions and notation

Consider a finite-dimensional Hilbert space H endowed with an inner-product (-, -) (we only consider
finite-dimensional Hilbert-spaces). A quantum state (or a density matrix or a state) is a positive
semi-definite operator on H with trace value equal to 1. It is called pure if and only if its rank is
1. Let |¢) be a unit vector on H, that is (¢,v) = 1. With some abuse of notation, we use ¥ to
represent the state and also the density matrix |¢) (1|, associated with |¢). Given a quantum state
p on H, the support of p, denoted by supp(p), is the subspace of H spanned by all eigenvectors of
p with non-zero eigenvalues.

A quantum register A is associated with some Hilbert space H 4. Define |A| := log (dim(H4)).
For a sequence of registers Ay, ..., A, and a set T' C [n], we define the projection according to T as
Ap = (A;)ier. Let L(H 4) represent the set of all linear operators on the Hilbert space H 4. For an
operator O € L(H4), we use OT to represent the transpose of O. For operators O, 0’ € L(H.), the
notation O < O’ represents the Lowner order, that is, O’ — O is a positive semi-definite operator.
We denote by D(H4) the set of all quantum states on the Hilbert space H 4. The state p with
subscript A indicates that p4 € D(H ). If two registers A, B are associated with the same Hilbert
space, we shall represent the relation by A = B. For two states p and o, we write p = o if they
are identical as states (potentially in different registers). Composition of two registers A and B,
denoted AB, is associated with the Hilbert space H4 ® Hp. For two quantum states p € D(H,)
and 0 € D(Hp), p® o € D(Hap) represents the tensor product (Kronecker product) of p and o.
The identity operator on H 4 is denoted I 4. Let U4 denote the maximally mixed state in H 4. Let
paB € D(Hap). Define

def def 4 :
pp = Trapap = ) (il @ 1p)pan(i) @ Lp),

7

where {]7) }; is an orthonormal basis for the Hilbert space H4. The state pp € D(Hp) is referred
to as the marginal state of p4p on the register B. Unless otherwise stated, a missing register from
subscript in a state represents partial trace over that register. Given py € D(H ), a purification
of ps is a pure state pap € D(Hap) such that Trppap = pa. Purification of a quantum state
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is not unique. Suppose A = B. Given {|i)4} and {|i)p} as orthonormal bases over H,4 and

‘Hp respectively, the canonical purification of a quantum state pa is a pure state pap def (,oé1 ®
L) (32; i) ali)B)-

A quantum map € : L(Ha) — L(Hp) is a completely positive and trace preserving (CPTP)
linear map. A CPTP map & is described by the Kraus operators {M; : H4 — Hp}; such that
Elp) =2, Mi,oMZ»T and ), MiTMi =14. A Hermitian operator H : H4 — H.4 is such that H = H.
A projector II € £(H 4) is a Hermitian operator such that 11> = II. A unitary operator Vy : Ha —
H 4 is such that V;{VA = VAVAJr = I4. The set of all unitary operators on H 4 is denoted by U(H ).
An isometry V : Ha — Hp is such that VIV =14. A POVM element is an operator 0 < M <1I. We

use the shorthand M % 1— M , where I is clear from context. We use shorthand M to represent

M ® 1, where I is clear from context.

2.2.2 Registers, quantum maps, and isometries

This section collects definitions of certain registers and operations on them.

Definition 3 (Classical register in a pure state). Let X be a set. A classical-quantum (c-q) state
pxE 15 of the form
PXE = Z p(z)|z)(z| @ p,
reX

where pf, are states.

Let pxpa be a pure state. We call X a classical register in pxga if pxg (or pxa) is a c-q
state. Whenever it is clear from context, we identify the random variable X with the register X via
Pr[X = z] = p(z).

Definition 4 (Copy of a classical register). Let p, ¢ be a pure state with X being a classical
register in py ¢ taking values in X. Similarly, let X be a classical register in py ¢ taking values
in X. Let Ilgq = Y cx |2) (2] ® |z)(x| be the equality projector acting on the registers XX. We
call X and X copies of each other (in the computational basis) if Tr (HEquX) =1.

Definition 5 (Conditioning). Let

pxp= 3 p@)adel ® o,
ze{0,1}m

be a c-q state. For an event S C {0,1}", define

Pisl, & Sopte) and (X €8) Y o 3 pwla)el © o

zeS P zes

We sometimes shorthand (p|X € S) as (p|S) when the register X is clear from context.

Let pap be a state with |A| = n. We define (p|A € S) - (0|S), where oap is the c-q state

obtained by measuring the register A in pap in the computational basis. In the case where S = {s}

is a singleton set, we shorthand (p|A = s) def Tra(p|A = s).
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Definition 6 (Safe maps). We call an isometry V : Hx @Ha — Hx @Hp, safe on X if and only if
there is a collection of isometries Vy : Ha — Hp such that for all states [{)xa =), az|T)x|[¥V")a
we have that

VIg)xa =Y oule)xValt*)a.
T
Definition 7 (Extension). Let

PXE = Z p(@)|z) (x| @ pp,
zeX

be a c-q state. For a function Z : X — Z, define the following extension of pxg,

pzxe Y p@)|Z(@)(Z(x)] ® ) (x| @ p.
zeX

For a pure state pxga (with X classical and X € X') and a function Z : X — Z, define PrsxXEA
to be a pure state extension of pxga generated via a safe isometry V : Hy - Hx @ Hz @ H (Z
classical with copy Z ). We use the notation M 4(pap) to denote measurement in the computational
basis on register A in state pap.

All isometries considered in this paper are safe on classical registers that they act on. Isometries
applied by adversaries can be assumed without loss of generality as safe on classical registers, by the
adversary first making a (safe) copy of classical registers and then proceeding as before. This does
not reduce the power of the adversary. The following notion of a Stinespring isometry extension
will also be useful at times.

Fact 1 (Stinespring isometry extension [Wat11, Theorem 5.1]). Consider a CPTP map ® : L(Hx) —
L(Hy). There exists an isometry V : Hx — Hy ® Hyz (called the Stinespring isometry extension
of ®) such that ®(px) = Trz(Vpx V") for every state px.

Fact 2 (Stinespring isometry extension for a classical map). Let ® : L(Hx) — L(Hy) be a
classical map such that for every X = x we have a fized function f acting on register Y such
that Pr(f(®(x)) = x) = 1. There exists an isometry Vo : Hx — Hy ® Hy (called the Stinespring
isometry extension of ®) such that ®(px) = Try(Vpx V1) for every state px. Furthermore, for a
classical register px, we also have Pr(Y = Y)VPXVT =1.

2.2.3 Norms, trace distance, and divergences

This section collects definitions of some important quantum information-theoretic quantities and
related useful properties.

Definition 8 (Schatten p-norm). For p > 1 and a matriz A, the Schatten p-norm of A, denoted
1
by || Allp, is defined as ||All, def (Tr(ATA)Z).

Definition 9 (Trace distance). The trace distance between two states p and o is given by ||p—o||1.
We write p ~. o if ||p—ol[1 < e.

Definition 10 (Fidelity). The fidelity between two states p and o, denoted by F(p, o), is defined
as

Flp, o) = Ivpvol
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Definition 11 (Bures metric). The Bures distance between two states p and o, denoted by Ap(p, o),

1s defined as
AB(/), U) =V I F(p7 U)’

Definition 12 (Max-divergence ([Dat09], see also [JRS02])). Given states p and o such that
supp(p) C supp(o), the max-divergence between p and o, denoted by Dmax(pl|o), is defined as

Diax (pllo) = min{\ € R : p < 2*a}.

Definition 13 (Max-information [Dat09]). Given a state pap, the max-information between A and
B, denoted by Inax(A : B),, is given by

def

Imax(A : B)p = inf Dmax(pABHpA & O'B) .

oB ED(HB)
We state a useful fact about max-information.

Fact 3 ([BJL23, Fact 5]). Let pxpp be a c-q state (X classical) such that pxp = px @ pg. Then,
Tnax(X : BD), < 2|D).

For the facts stated below without citation, we refer the reader to standard textbooks [NCO00,
Wat18]. The following facts state some basic properties of trace distance.

Fact 4 (Data-processing inequality). Let p,o be states and € be a CPTP map. Then,

o [[E(p) —E(a)llL < llp— ol

o Ap(E(p).£(0)) < Dplp.o).
The inequality above is an equality whenever £ is a CPTP map corresponding to an isometry.
Fact 5. Let p,o be states. Let 11 be a projector. Then,

IIpIl IIoIl
Tr(Ilp) Tr(Ilo)

<llp = ol

v - 5

Fact 6. Let p, o be states such that p =) p.p®, 0 =, 020", {p*, 0"}, are states and ), p, = 1.
Then,

lp—olls <> pellp” — 0”1
xX
The next result is useful for the rejection sampling step in the analysis of our candidate code.

Fact 7 ([JRS02]). Let parp,oap be pure states such that Dyax (pBllog) < k. Let Alice and Bob
share cap. There exists an isometry V : Ha — Ha @ Ho such that:

1. (V@Ip)oap(V @Ip) = ¢pape, where C is a single qubit register.
2. Let C be the outcome of measuring ¢c in the standard basis. Then Pr[C = 1] > 27F.

3. Conditioned on outcome C = 1, the state shared between Alice and Bob is pag.
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The following fact connects the fidelity, trace distance, and the Bures metric.
Fact 8 (Fuchs-van de Graaf inequalities [FvdGO6] (see also [Watll, Theorem 4.10])). Let p,o be

two states. Then,

1
1=F(p.0) < Slp—olh < V1=F(p,0)? and Ap(p,0)* < llp—oli < V2A5(p,0).

N |

In the above fact, the second set of inequalities follows by noting that
1- F(p, 0)2 <2- 2F(p, G) = 2AB(107 0)2'

We now state Uhlmann’s Theorem, which relates the closeness of any two mixed states p, o to
the closeness of two purification states |p), o), respectively.

Fact 9 (Uhlmann’s Theorem [Uhl76]). Let pa,04 € D(Ha) and let pap € D(Hap) be a purification
of pa and o ac € D(Hac) be a purification of 0 4. Then, there exists an isometry V' (from a subspace
of He to a subspace of Hp) such that

A (Ip)(plas, |0)(01aB) = Ap(pa,oa),

where |0y ap = (Ia @ V)|o) ac-

2.2.4 Pauli and Clifford operators

We proceed to define Pauli operators and the associated Pauli and Clifford groups.

Definition 14 (Pauli operators). The single-qubit Pauli operators are given by

=) =00) -0 9) =65

An n-qubit Pauli operator is given by the n-fold tensor product of single-qubit Pauli operators.
We denote the set of all |A|-qubit Pauli operators on Ha by P(Ha), where |P(Ha)| = 441, Any
linear operator L € L(HA) can be written as a linear combination of | A|-qubit Pauli operators with
complex coefficients as L = ZPG’P(HA) apP. This is called the Pauli decomposition of a linear
operator.

Definition 15 (Pauli group). The single-qubit Pauli group is given by
{+P,—P, iP, —iP: Pe{l,X,Y,Z}}.

The Pauli group on |Al|-qubits is the group generated by the operators described above applied to
each of |A|-qubits in the tensor product. We denote the |A|-qubit Pauli group on Ha by P(Ha).

Definition 16 (Clifford group). The Clifford group C(Ha) is defined as the group of unitaries that
normalize the Pauli group P(Ha), i.e.,

C(Ha) ={V €U(Ha) : VP(HA)VT = P(Ha)}.

The Clifford unitaries are the elements of the Clifford group.
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We will also need to work with subgroups of the Clifford group with certain special properties.
The following fact describes these properties and guarantees the existence of such subgroups.

Fact 10 (Subgroup of the Clifford group [CLLW16]). There exists a subgroup SC(Ha) of the
Clifford group C(H ) such that given any non-identity Pauli operators P,Q € P(H ) we have that

|SC(Ha)

{C € 8C(HA)|ICTPC = Q}| = [P -1

and |SC(H )| = 22141 — 23141,
Informally, applying a random Clifford operator from SC(H ) (by conjugation) maps P to a Pauli
operator chosen uniformly at random over all non-identity Pauli operators. Furthermore, we have
that P(Ha) C SC(Ha).

Additionally, there exists a procedure Samp which when given as input a uniformly random string
R« {0,1Y°141 outputs in time poly(|A|) the classical description Samp(R) of a Clifford operator
Cr € SC(H ) with the following property: Let Usc(,) denote the uniform distribution over the
classical descriptions of Clifford operators in SC(Ha). Then, it holds that

Samp(R) ~g—21a) Usc(r ) (3)

where, as before, ~o_21a; means that the statistical distance between the two distributions is at most
224l

Pauli twirling and related facts. The analysis of our construction will require the use of several
facts related to Pauli twirling. We collect them below, beginning with the usual version of the Pauli
twirl.

Fact 11 (Pauli twirl [DCEL09]). Let p € D(Ha) be a state and P, P’ € P(H) be Pauli operators
such that P # P'. Then,
Y. Q'PQR'PIQ =0

QEP(Ha)
Fact 12 (Subgroup Clifford twirl [BBJ23]). Let p € D(Ha) be a state and P, P’ € P(Ha) be Pauli

operators such that P # P'. Let SC(Ha) be the subgroup of Clifford group as defined in Fact 10.
Then,
Y ctrcpctPic =o.
CEeSC(HA)

As an immediate corollary, we conclude that for any normal operator M € L(H 4) such that MTM =
MM we have that
Y ctrcMciPic =o,
CEeSC(HA)

since M has an eigen-decomposition.

Fact 13 (Modified twirl [BBJ23]). Let p ; , be the canonical purification of pa. Let P € P(Ha), P’ €
P(H ) be Pauli operators such that P # P’. Let SC(H 4) be the subgroup of Clifford group as defined
i Fact 10. Then,

Y @eC'PC)p;,IeCTPC)=0.
CEeSC(HA)
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Fact 14 (Uniform Pauli conjugation). Let P € P(Ha) be a Pauli operator. If P =14, then

1
S Y QPQT =1,
PR B
else if P#14
1
——— > QPQ'=0.
PR gein

Proof. If P =14, the statement trivially follows. If P # I 4, the statement follows from Fact 11 by
considering (P, P, p) in Fact 11 to be (P,14,U4). O

Similarly, the following result is a consequence of Fact 12.

Fact 15 (Uniform conjugation). Let P € P(H4) be a Pauli operator. If P =1y, then

1
Y, CPCT =14
[SC(HA)I CESC(H)
Else, if P #£14, then
1
s Y, CPCT=o.
[SC(HaA)l CeSC(Ha)

The following fact is folklore. We provide a proof for completeness.

Fact 16 (Pauli 1-design). Let pap be a state. Then,

1 e T) —
PHA QEPZ(;{A)(Q @Dpap(RQ'®1) =Uas ® pp.
Proof. Let
paB = > ape(P® Q)

PeP(Ha),QeEP(HB)

= > |Pe| Y ap@

PeP(Ha) QEP(HEB)
= > (PeaMP"),
PeP(Ha)

where MP % ZQE'P(HB) apq@. It is easily seen that

pp = Tra(pap) = Tr(La) M. (4)
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Then, we have that

1 Yoo@en| > (PeM”)| (@«

PHAN i PEP(H )

1
= > PO Y. (@PQHeMP

PeP(Ha) QEP(Ha)
1

T i \ PO 2 @ eT

PeEP(HA)\A QEP(Ha)

1
+ 2 \ o 2 @PaheM”
P=I, AT Qeria)

=T, @ M4 (Fact 14)
=Us ® pB. (Equation (4))

The proof of the next fact follows similarly to that of Fact 16 using Fact 15.

Fact 17 (1-design). Let pap be a state. Let SC(H ) be the subgroup of Clifford group as defined

in Fact 10. Then,
1
I Tl = .
SCHA] E (C2Npap(CT"@1I) =Us ® pp
CESC(H )

2.2.5 The transpose method

The transpose method (see, e.g., [0z016]) is one of the most important tools for manipulating
maximally entangled states. Note that the canonical purification of a maximally mixed state
pa = Ua, denoted p, ;, is a maximally entangled state. Roughly speaking, the transpose method
corresponds to the statement that some local action on one half of the maximally entangled state
(say register A) is equivalent to performing the transpose of the same action on the other half of
that state (register A). We now state this formally.

Fact 18 (Transpose method). Let p, ;i be the canonical purification of pa = Us. For any M €
L(Ha) it holds that

(MIL)p (M @1;) = Ta® M )p, ;(Ia @ (M)T).

2.3 Quantum-secure randomness extractors

Randomness extractors are key objects in our constructions of non-malleable codes and secret
sharing schemes. We introduce the relevant notions and auxiliary results here.
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2.3.1 Min-entropy and weak sources

This section introduces information-theoretic formalism useful for our definitions of randomness
extractors.

Definition 17 (Min-entropy). Given a state px g, the min-entropy of X conditioned on E, denoted
by Huin (X|E),,, is defined as

Hmin(X’E>p = — O'EEig(fHE) Dmax(ﬂXEHHX ® UE) .

We will require the following fact about the min-entropy.

Fact 19 ([CLW14, Lemma 2.14]). Let ® : L(Hpr) — L(Harr) be a CPTP map and define oxpp =
(I® ®)(pxrr). We have that
Hmin (X‘M/)U > Hmin(X|M)p .

The formalism of gpa-states from [BJK21] will be useful when building leakage-resilient secret
sharing schemes.

Definition 18 (qpa-state). A pure state Oxxyyww, With XY classical and X andY copies of X
and Y, respectively, is a (k1, k2)-qpa-state if

Hmin(X‘Wng/> >k and Hmin(y‘wlec) > ky.

2.3.2 Quantum-secure 2-source extractors

A 2-source extractor transforms any two independent weak sources of randomness into an unbiased
random string, provided that the input sources contain enough min-entropy. We will use the fact
that the inner product function IP : ]Fév X IE'(]JV — I, given by

N
IP(z,y) = ziyi,
i=1
with operations performed over [Fy, is a 2-source extractor for gpa-states with good properties. This
is captured in the following fact.

Fact 20 ([BJK21, Claim 5]). Let PxRyyw,w, be an arbitrary (k1, k2)-gpa-state with X,Y € Fév
and
k1 + kg > (N +1)logq + 8log(1/e) + 40.

Set Z =1P(X,Y). We have that

lpzxw, —Uz @ pxwi|i <e and |pzyw, — Uz ® pyws,|1 < e,

where Uz is uniformly distributed over F.
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2.3.3 Quantum-secure 2-source non-malleable extractors

Roughly speaking, a 2-source non-malleable extractor nmExt takes as input two (not necessarily)
uniformly random and independent strings X and Y and outputs a string R = nmExt(X,Y)
that is statistically close to uniform distribution. It is called non-malleable because learning
nmExt(f(X),g(Y)) for any known tampering functions f and g (without fixed points) reveals
essentially nothing about R = nmExt(X,Y), in the sense that R should still be close to uniformly
random given the tampered version nmExt(f(X),¢(Y)). We may thus see (X,Y) as a form of
split-state encoding of R. Since our split-state tampering adversaries have quantum capabilities
and access to shared quantum entanglement, we cannot use an arbitrary classical 2-source non-
malleable extractor to generate R. Instead, we make use of an explicit quantum-secure 2-source
non-malleable extractor recently constructed by Batra, Boddu, and Jain [BBJ23|, which remains
secure against such quantum adversaries and whose properties we detail below.

Fact 21 (Quantum-secure 2-source non-malleable extractor [BBJ23]). Consider the split-state tam-
pering experiment in Figure 4 with a split-state tampering adversary A = (U, V, |Y)w,w,). Based
on this figure, define psame = Pr[(X,Y) = (X',Y")]; and the conditioned quantum states

pM = (nmExt ® nmExt) (p|(X,Y) = (X', Y7))

and
PP = (nmExt ® nmExt)(p|(X,Y) # (X', Y")).

For any given constant § > 0, there exists an explicit function nmExt : {0,1}" x {0,1}°" — {0,1}"
with output length r = (1/2 — 6)n such that for independent sources X < {0,1}" and Y < {0,1}"
and any such split-state tampering adversary A = (U, V, |Y)w,w,) it holds that

1. InmExt(X,Y)X — U, @ Up||1 < e and |[nmExt(X,Y)Y — U, ® Us,||1 < ¢,

2. psameHPSRa{;?/Z -U,® p?/?/?e\h + (1 - psame)”pggg/[@ -U, ® p;;/nlj%”l <e,

Qs(1)

with e = 27" . Furthermore, nmExt(x,y) can be computed in time poly(n).
3 3 nmExt 3
3 3 R
| 1 Wa
X l X7 l l
| v | i
l "W l l
! [)wiws } nmExt 1
l ) | Wo l l
v l 1% l l
‘ Y’ ‘ |
L | A= U,V Y) l l

Figure 4: Split-state tampering experiment for quantum-secure 2-source non-malleable extractors.
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Intuitively, Item 1 in Fact 21 guarantees that R = nmExt(X,Y’) remains close to uniformly
random even when one of the input sources X and Y is revealed. This property is usually called
strong extraction. Item 2 spells out the non-malleability guarantees of nmExt: If the tampering
attack does not change X and Y (i.e., (X,Y’) = (X,Y)), then R should be close to uniformly
random even given one of the updated entangled states shared by the adversaries attacking each
source. On the other hand, if the tampering attack changed X and Y (i.e., (X',Y’) # (X,Y)),
then R should be close to uniformly random even given the additional output R' = nmExt(X’,Y”)
and one of the updated entangled states.

2.4 Secret sharing schemes for quantum messages

Secret sharing schemes for quantum messages were first introduced in [HBB99, CGL99, KKI99].
As in the classical case, they allow a dealer to share a quantum message among p parties in a way
that only authorized subsets of parties can reconstruct the quantum message, while unauthorized
subsets of parties learn nothing about it. The no-cloning theorem imposes constraints on the type
of access structures that can be realized by a secret sharing scheme for quantum messages. For
example, there exists a t-out-of-p secret sharing scheme for quantum messages if and only if ¢ > p/2.
Conversely, it is known that any access structure that does not violate no-cloning'® can be realized
by a secret sharing scheme for quantum messages [Got00, Smi00].

We proceed to define secret sharing schemes for quantum messages and then state a known effi-
cient construction of such threshold schemes due to Cleve, Gottesman, and Lo [CGL99] (a quantum
analogue of Shamir’s secret sharing scheme). We define secret sharing schemes for threshold access
structure for simplicity, but this definition can be generalized to any access structure that does not
violate no-cloning.

Let gShare : L(Hy) = L(Hs, ® Hs, ® --- ® Hsg,) and qRec : L(Q),;cr Hs;) = L(Hur), be the
sharing and reconstruction procedures respectively, where £(#) is the space of all linear operators
in the Hilbert space H. The reconstruction procedure qRec acts on any authorized subset of shares
T to reconstruct the original message.

Definition 19 (Threshold secret sharing scheme for quantum messages). The coding scheme
(gShare, qRec) is said to be a t-out-of-p secret sharing scheme for quantum messages if for any
quantum message oy € D(Har) (with canonical purification o, ;) the following two properties are
satisfied:

e Correctness: For any T C [p] such that |T| >t it holds that
qRec(qShare(UMM)ST) = Opip
where we recall that St = (S;)ier.
e Perfect privacy: For any T C [p] such that |T| <t —1 it holds that
(qShare(a))MST =0y @ (s

where (g, is a fized quantum state for every o, ;-

9This amounts to requiring that if T C [p] is authorized, then its complement [p] \ T must be unauthorized.

30



Fact 22 ([CGL99]). For any number of parties p and threshold t such that p/2 <t < p, there exists
a t-out-of-p secret sharing scheme (qShare, qRec) for quantum messages of length b with share size
at most 2max(p,b), where both the sharing and reconstruction procedures run in time poly(p,b).

The following results state some useful properties satisfied by the threshold secret sharing
scheme for quantum messages from Fact 22. The first fact states that the shares corresponding to
any unauthorized set of parties are jointly uniformly distributed.

Fact 23 ([CGL99]). Let (qShare,qRec) be the t-out-of-p secret sharing scheme from Fact 22. Let
oy be a state such that |M| = b and p = qShare(ops). For any T C [p] such that |T| <t —1 it
holds that

psr = Usy.
Lemma 1. Let (qShare,qRec) be the t-out-of-p secret sharing scheme from Fact 22. Let P €

P(Hur) be any non-identity Pauli operator. For any T C [p] such that |T| < t — 1 it holds that
(qShare(P))g, = 0.

Proof. Consider the spectral decomposition of P. Let P = ng‘ a;|1)(1];. Note that half of the
a;’s are exactly equal to 1, while the other half is —1. Since qShare(|y)(v|;)s, = USr for every i
in [2M]], we arrive at the desired result that (qShare(P))g,. = 0. O

The next lemma captures privacy properties in the presence of entangled quantum side infor-
mation.

Lemma 2. Let (qShare, qRec) be the t-out-of-p secret sharing scheme from Fact 22. Let ogn be a
state such that |M| = b and p = qShare(ogar). For any T C [p]| such that |T'| <t —1 it holds that

PEST = PE & UST =0gQ UST'

Proof. For each @ € P(Hr) and Q" € P(Hg) there exist coefficients ag such that we may write

OpM = > ag(@Q ®Q)

QeP(H ), Q' €P(HE)

= > >, e | ®Q

QE'P('H}VI) Q’EP(HE)

= Y. (@9=Q),

QEP(Hm)
where ot
GQ :e Z OZQ/QQ/.
Q' eEP(HE)
In particular, this implies that
op = GolMI, (5)
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Then, we conclude that

psr = Y. (G9® (aShare(Q))s, )
QEP(Hm)

=Y (GQ ® (qShare(Q))ST) + > (GQ ® (qShare(Q))sT)

Q=Iy QAIMNQEP(Hr)

I
_ My M| M
=GM"M® (qShare <2 2|M|>>ST

=Gln g Q\M\UST
=0 ® UST-

The third equality above follows from Lemma 1. The fourth equality holds because of Fact 23.
The final equality is a consequence of Equation (5). ]

3 Split-state non-malleable codes for quantum messages

In this section, we describe and analyze our split-state non-malleable coding scheme for quantum
messages. We begin by describing the encoding and decoding procedures Enc and Dec. In the
analysis, we first show that (Enc,Dec) is an average-case non-malleable code with low error for
quantum messages. This yields Theorem 1. Then, to conclude the argument and obtain Theorem 2,
we show that every such average-case non-malleable code is also worst-case split-state non-malleable
at the price of a blow-up in the error as a function of the input quantum message length.

3.1 Our candidate coding scheme for quantum messages

We proceed to describe our explicit candidate coding scheme for quantum messages. Suppose that
we wish to encode a quantum state o with canonical purification o,,,,. Let b = [M| denote the
message length and fix an arbitrary constant § > 0. We will invoke the explicit quantum-secure
2-source e-non-malleable extractor nmExt : {0,1}¢ x {0,1}°¢ — {0,1}" guaranteed by Fact 21 with
output length r satisfying

r=(1/2—-9)¢ > 5b (6)
and error
(1)

)

Q
e=2707

where Qs(+) hides constants which depend only on .
The encoding CPTP map Enc works as follows on input ojy:

1. Sample classical bitstrings X < {0,1}¢ and Y « {0, 1}%;
2. Compute the classical key R = nmExt(X,Y") € {0,1}";

3. Let SC(Hr) be the subgroup of the Clifford group described in Fact 10 and Samp be the asso-
ciated sampling procedure. Compute Cr = Samp(R) and the masked state ¢z = CRO'MCL.
Note that the constraint in Equation (6) guarantees that R is long enough to sample such a
Clifford operator as per Fact 10.
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4. Output registers X and (Y, Z) as the two parts of the split-state encoding. Note that X and
Y are classical strings while Z is a quantum state.

It is clear that Enc can be computed efficiently if nmExt is explicit. The decoding procedure Dec
is straightforward, and proceeds as follows on input possibly tampered registers (X,Y) — (X', Y”)
and @Z)Z — TZ:

1. Compute the candidate key R’ = nmExt(X’,Y");

2. Let 77 denote the possibly tampered quantum state stored in register Z. Then, compute
the candidate message ny = CL,TZCR/ where, as in the encoding procedure Enc above,
Cr = Samp(R’) with Samp the sampling procedure corresponding to the subgroup SC(Hs)
of the Clifford group from Fact 10;

3. Output ny.

It is easy to check that this coding scheme (Enc, Dec) satisfies the basic correctness property
Dec(Enc(oy, ) = 0y

3.2 Average-case non-malleability

In this section, we show that the coding scheme (Enc, Dec) described in Section 3.1 is average-case
non-malleable with low-error. More precisely, we prove the following result.

Theorem 4 (Average-case non-malleable codes with constant rate). For any fixed constant § > 0,
the coding scheme (Enc, Dec) described in Section 3.1 with codewords of length n and message size

_ 277195(1)

b < (ﬁ — 5) n is average-case £ -non-malleable with &' . Moreover, both Enc and Dec

can be computed in time poly(n).

The claim about the computational complexity of Enc and Dec in Theorem 4 can be easily
verified from the description in Section 3.1, using the fact that the codeword length n satisfies
n=0().

We prove the remainder of Theorem 4 through a sequence of lemmas. Throughout this proof
we assume that Cpg, the Clifford operator sampled from R via the sampling procedure Samp from
Fact 10 used in Step 3 of Enc(o) in Section 3.1, is uniformly distributed over SC(#Hys). Based
on Equation (3) in Fact 10, this assumption will lead to an additive factor of 272° in the final
non-malleability error, which we add at the end of our argument.

For ease of readability, a detailed diagram of the complete split-state tampering experiment on
(Enc, Dec) in Figure 5.

Taking into account the notation from Figure 5, in order to prove Theorem 4 it suffices to show
that for any split-state adversary A = (U, V,4) and o,,,, maximally entangled it holds that

(03) s sy wts0) PAT s + (1= pa) (U 730, (7)

where (p4, ’yjé[) depend only on the split-state adversary A.

We begin by noting that in order to establish Equation (7) we can equivalently consider the
modified tampering experiment described in Figure 6, where the (transposed) Clifford operator is
applied to o, instead. More precisely, we have the following lemma.
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Lemma 3. For any fixed split-state adversary A it holds that the states p, p1, p2, ps in Figure 6 are
equal to 0,01, 09,03 in Figure 5.

Proof. The desired statement follows if we show that o1 and p; are equal. This is a direct conse-
quence of the transpose method (Fact 18). ]

We can further note that delaying the generation of R and the application of the corresponding
Clifford operator C}; on the M register until the very end has no effect on the final state. Therefore,
we can focus on the modified tampering experiment described in Figure 7. We capture this formally
in the next brief lemma statement.

Lemma 4. For any fized split-state adversary A it holds that the final state 64 in Figure 7 is equal
to the final state p3 in Figure 6.

In particular, combining Lemmas 3 and 4 implies that to establish Equation (7) it suffices to
show that for any split-state adversary A = (U, V,+) and 0,,;; maximally entangled it holds that

(04) gy 0 et DAO gy + (1 =AUy @770, (8)

where (p.a, *yj\‘}) depend only on the split-state adversary A. Here, the states 6,601, 05, 63,04 corre-
spond to the intermediate states of the modified tampering experiment in Figure 7.

We now set up some helpful definitions before proceeding to the next lemma. We may write 6
as

02 = (U@ V)(01 @ [} (¥]w,ws) (U @ V)T

Our analysis will proceed by cases, depending on whether the X and Y registers are modified
by the tampering experiment in Figure 7 (i.e., XY # X'Y’) or not. To this end, we consider
two different conditionings of 65 based on these two cases. More precisely, taking into account
Definition 5, we define

05™ = 0o (XY # X'Y')

and
037™ = 09| (XY = X'Y").

Note that we may write 02 = psamet5>™ + (1 — psame)ﬁgamp, where psame = Pr[XY = X'Y"]y, is the
probability that XY are not modified in the tampering experiment from Figure 7.
Further taking into account that

03 = (nmExtxy ® nmExtx/y)02,

let
eéamp = (nmExtxy X nmEXtX/y/)anmp

and

egame = (nmExth ® nmExtX/y/)Haame.

Let D, denote the controlled Clifford operator C’g acting on register M. Similarly, let Dpy
denote the controlled Clifford operator C;r%, acting on register Z. We can then write

(04) yyas = Dy © DR’Z)(‘%)RR/ZAZ/(DLZ ® D;f%'z)'
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Analogously to the previous cases, we define

m def = m D

0™ s = (Dpy ® Drez) (05 p)RR’ZM(D;r%Z ® D7) ®)
and def - ~

05"y < (Dpz © D) (05™) gy 21 (DY, @ D). (10)

Recall from Equation (8) that, based on Lemmas 3 and 4, our end goal is to show that

(04) 370y ~er PAOyy0s + (1= pA) Uy @ 7ip)

for some quantity p4 € [0, 1] and state ’y]\“‘}[ depending only on the split-state adversary A. Towards
establishing this, we begin by writing

(94)1\}11\/[ = psame(gzslame)MM + (1 - psame)(OZamp)MM-

We will focus on each of the two terms on the right-hand side of this equation separately. We
invoke the two lemmas below, whose proofs we defer to later dedicated sections.

The first lemma is relevant for handling Hffmp, and intuitively states that when tampering occurs
and X'Y" # XY the outcome of the tampering experiment is close (in trace distance) to being an
unentangled message.

Lemma 5. We have that

(1= Psame) [|(0°™) rag = Uny © (057 )|y < e

The second lemma is relevant for handling #™¢, and intuitively states that when X'Y’ = XY
the outcome of the tampering experiment is close (in trace distance) to being either the original
message or a completely independent and unentangled message.

Lemma 6. There exists a constant pepr € [0,1] depending only on the split-state adversary A such
that

same

Psame * [|(0F™) yrar — (Pepr = Oppay + (1 = Pepr) (Uyy @ Unp)) ||, S e +2-47".
Proofs of Lemmas 5 and 6 can be found in Sections 3.2.1 and 3.2.2, respectively. We now show
how to wrap up the argument and establish Equation (8) using Lemmas 5 and 6. We have
(04) 570z = Psame(0F™) yrap + (1 = Psame) (0F™) vy 0s
X940 Psame (Peprly i + (1= Depr) (U @ Unr)) + (1 = Psame) (05 s (11)
e Psame (Pepr O3y + (1 = Pepr) Uy @ Unr)) + (1 = psame) Uy @ (05™) 1), (12)

where Equation (11) follows from Lemma 6 and Equation (12) follows from Lemma 5. Combining
Equations (11) and (12) with a triangle inequality shows that

(94)MM ~2(e-+47%) Psame (pepr ' HMM + (1= pepr)(UM ® UM)) +(1- psame)(UM ® (eiamp)M)

= Dsame * Pepr * 0MM

psame(1 - pepr) 1-— DPsame tamp
+ (1 — psame - P <UA (-UM+-0 ) ). (13
( same epr) M - Dsame * Pepr 1- Psame * Pepr ( 4 ) ( )
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Consider setting
PA = Psame * Pepr
and
I;same(l - pepr) Uy + 1 — Psame ) (GZamp)M
— Psame * Pepr 1 — Psame * Pepr

in Equation (13). We claim that p4 and 'yj\‘} depend only on the split-state adversary A. This holds
because:

® Psame = Pr[XY = X'Y"]y, is a function of A and (X,Y’), which are sampled independently of
the message oy;

Vi =

e Lemma 6 guarantees that pepr is a function of A only;

e The state (65 ™)y is a function of (65 ™) zx/y+, and one can prepare the latter by running
an independent tampering experiment on registers XY Z = U; ® Us; ® Uy.

Therefore, we conclude that both p4 and fyﬁ only depend on A. In this case, we can write

(04) iy s ~2(e+4-b) PA- Orrir + (1 —pa) (UM ® ’Yf@) :

By Lemmas 3 and 4, this implies that we have

(03) yras Ra(era—ty PA- Ty + (1 =pa) Uy @ 73p) (14)

in the original tampering experiment from Figure 5.

Setting parameters for Theorem 4. To conclude the proof of Theorem 4, it remains to argue
that, given any constant 6 > 0, the coding scheme (Enc, Dec) is average-case (¢/ = 27" 5<1>)—non—
1

malleable for message length b < (73 — d)n.

Note that the total codeword length is
n=I|X|+|Y|+|Z|=L+0+b=(14+5+1/10+6/5)¢

and that the error & of nmExt satisfies ¢ = 27" = 2_”9‘5(1), since n = O({). Furthermore,
recall from Equation (6) in Section 3.1 that we may set the message length to be as large as
r/5 = @. In fact, even if b < r/5 we may always extend a message so that its length is
exactly o' = r/5 by appending dummy independent uniformly random bits to it. Since the length-b
message o)y is maximally mixed, the resulting extended length-b" message will also be maximally
mixed. Therefore, taking into account Equation (14) and recalling that our argument in this
section assumed that the Clifford operator Cr is sampled uniformly at random from SC(#H 4) while
Fact 10 only guarantees that Cr ~, v Usc(p,) With Use(y ,) uniformly distributed over SC(H ),
the resulting coding scheme is average-case €’-non-malleable with

nfs(1)

e =2e4+47Y) 427 =2 ,

as desired.
Finally, simple algebraic manipulation yields

e W00 (1),

for some constant ¢ = O(J). This means that we may encode messages of length at least (% — c) n,
and the constant ¢ > 0 can be made arbitrarily small. This concludes the proof of Theorem 4.
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3.2.1 Proof of Lemma 5
We begin by writing

etamp)

(HB)RR/WQZ]@ = psame(gsame)RR’WgZM + (1 — psame)( 3 RR'WoZM*

Observe that (61),,, is a pure state (thus independent of other registers in 61). We invoke Item 2
of Fact 21 with the assignment of states/registers (the states/registers on the left below are from
the statement of Fact 21, while the states/registers on the right are those from this proof)

(07 laa P, psame’ ptamp’ W17 WQa X’ Y) — (01> 923 037 esame’ {tiampv Wla WZMMa X7 Y)
to conclude that

psame”(esame)RW2Z]\7[ _ Ur (esame)WQZMH1+

(1 - Psame)”(‘ggamp)RwazzM -Ur® (egamp)R/WQZM)”l <e. (15)

In particular, it holds that

(1- Psame)”(e;amp)RR'WgZM —Un ® (egamp)R/szMHl e (16)

As a result, we have that

(1 = Psame) (05°™) s — Uy @ (05 ™) alln
=(1 psame)H (I® DY(D @)(65™) gy (DT @ I)(I @ D)

(1 D) (U, ® (DI atamP)R,ZM(DTM)) (I D)
(1 = psame) | (D @ D)(05™) ppryir (DT @ 1) = Uyr @ (D @ D)(05™) oy iy (DT @ T)||1 (Fact 17 and Fact 4)
(1 = Psame) (05™™) gzt — Ur ® (057™) gzl (Fact 4)
( il )
€. )

IA A

IN

]. — Psame (Gtamp)RR/W2zM - Ur & (9§amp)R/W22MH1 (FaCt 4

(Equation (16)

IA

The first inequality invokes Fact 17 with the assignment of registers (A, B, p) +— (M , M, Hffmp),
where the registers on the left hand side correspond to those in the statement Fact 17 and the
registers on the right hand side are those used in this proof.

3.2.2 Proof of Lemma 6

Before we proceed to the proof of Lemma 6, we prove two auxiliary lemmas.

Lemma 7. Let p, ; be the canonical purification of pa = Ua, SC(Ha) be the subgroup of Clifford
group as defined in Fact 10, and P,Q € P(Ha) be any two Pauli operators. If P # Q, then

1

e Y (@ edhlie Ppy@e (e o) =0

CeSC(HA)
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Else, lfP = Q = ]IA7 then
1

o L (€T eChEe Phpte PH(CT) ©C) = pyy

CESC(H A)
Else, if P =Q # 14, then

1
AT CTo @@ P)p, (1o PH(CT) o C)~ N
[SC(Ha)l CegﬁA)( ®CIIE Ploys1® PICT) ©C) may PA®PA

Proof. We have that
1

e Y (T edhle Py deeh (e e o)
CESC(HA)

B ISC(IHA)! Y. IeCP)(CTap,(C) eDle'C)
CEeSC(Ha)

1
~ SO Y @eCP)IeC)p,IeCHIeQIC) (Fact 18)
AN cesctma)
1
= IeCTP (1o CTQT0).
CESC(H )
When P # @) we can invoke Fact 13 to conclude that
1
Y. ([I&C'PC)p,;(IeC'Q'C) =0.
[SC(Ha)l CEeSC(H4)
When P = @Q = l4, it holds that
1
— IeCTP (1o Ctpt
SCOL) Y ([@eCtPC)p, (1o CTPIC)
CEeSC(Ha)

1
CESC(H )
Finally, when P = Q) # I 4 we have that
1

Sea o (8CIPOp1eciPiC)

CESC(H )

1
= B =1 2 10QrudeQ) (Fact 10)
QEP(HANL

_P(HA)(pa® ) = Pai
[P(Ha)| -1
The desired result follows since

P(HA)(pa®p4) — Paa
!77(7-[,4)|fl AA_(PA@PA)

(Fact 16)

2
< :
1 [P(HA)
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Lemma 8. Let [¢) 5, be the canonical purification of a = Ua, p;, be any state, and SC(Ha) be
the subgroup of Clifford group as defined in Fact 10. Define 11 = |¢){¢|. Then, we have that

1
[SCHA) Ces;(HA)(CT ® CT)PAA((CT)T ® C)

[P(HA)Uz@Ua) —¥y4
P(Ha)| -1
~_2 Tr(Ilp)y + (1 — Tr(Ilp))(Uz; @ Ua). (17)

4l Al

— Tr(lp)y + (1 — Tr(Ip))

Proof. Let [¢) ; , be an eigenvector of p ; ,. Consider the decomposition

D) aa= >, ap@P)Y)

PeP(Ha)

where 3 pep(a ) |ap|? = 1. Define

7(P,Q) ¥ (1o P)|¢) (v|(I1® Q).
Then, we have that

LY (Tedhplciec)

[SC(HA) CEeSC(HaA)
! T ot . .
T2V P
seony) 2 (CTec >( > apapr ,Q>) () & 0)
CeSC(Ha) P,QeP(Ha)

= Y arag (scém > <OT®OT>7<P,Q><<0T>*®O>)
)

P,QEP(Ha CEeSC(HA)

= Y arag (scém > <OT®OT>T<P,Q><<0T>*®C>>
ANP#Q)

P,QEP(HA) CESC(HA)

. 1
T > are (sccfm > (" echr(Pp, Q><<0T>*®c>)

P,QEP(HAINP=Q=I4 CeSC(Ha)

+ > apag (1 Y ([CTechHr(P)(C) e 0))
)

P.QEP(HA)NP=Q#1 [SC(HA)l CeSC(HA)

= la, [*[9) (¥

1
+ Z)\HA ‘QPP (SC(’}-W Z (CT R CT)T(P, P)((CT)T 2 C))

PEP(Ha CESC(H )

_ 2 o 12y (IPRANUARUy) — 944
o, )01+ (1~ o, ) (EO DA S 0a = Pan )
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The last equality follows from Lemma 7. Now, the first equality in Equation (17) from the lemma
statement follows by observing that p;, is a convex combination of its eigenvectors, and the
approximation in Equation (17) follows from Fact 6 by observing that

H|7’HA KUA@UA)iwAA—(UA@UA) - 2
P(Ha)l -1 1~ [P(HA)
O
We are now ready to prove Lemma 6.
Proof of Lemma 6. Recall from Equation (15) that, in particular,
Psamell(057™) pyyr, 700 = Ur © (03 )y, 2wl < & (18)

Recall also that Dp; denotes the controlled Clifford unitary CR, actmg on register Z and that
D,y denotes the controlled Clifford operator 0173: acting on register M.
By the conditioning in 632™¢, we have that

PI'[R = R,](ggame) = 1

Let IT denote the maximally entangled state in registers ZM and write Pepr = Tr(I(0F2™€) ,11))-
Consider the state Tgp such that Pr[R = R]; = 1 and 7 = U,, and for ease of readability define

def same def , ~ ~
BE trr @ (07™) 0 1 7= (D@ D)B(D'@ DY).

Intuitively, the states 8 and v are “approximate” versions of (03™¢),p/ ,y; and (63™€) ,, which
are easier to reason about. Our argument proceeds in two steps. First, we show that ~y,;,  is close
in trace distance to

(peP"H + (1 _pepr)(UM ® UM)) .

Then, we argue that (6032™¢),,,, and 7,;,, are close in trace distance, and an application of the
triangle inequality to these two statements finishes the proof (after arguing that pepr depends only
on A). More formally, we have that

psameH(Qsame) - (peer + (1 - pepr)(UM & UM)) ||1
< psame||(95ame)MM - ’Y]\}[M”l
+psameH7MM - (peer + (1 - pepr)(UM ® UM)) Hl

< Poamell (05™) yras — Vapagln +2- 471 (19)
< psamel|(D @ D)(OF™) gy (DT @ D) =1 42471 (20)
< peamel (OF™) prr iy — TR @ (05™2) iy ll1 + 2 - 47 1M1 (21)
< Paamel|(0F™) gy — Ur @ (05™) gy lln +2 - 4711 (22)
< psame”(esame)RWQZM Ur® (esame)wgzMul +2- 47‘M| (23)
<e+42.471MI (24)
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Equation (19) follows from Lemma 8 with the assignment of registers (the registers on the left
below are from Lemma 8 and the registers on the right are the registers in this proof)

(Aa Aa P) — (M> Z> 9§ame)-

Equations (20) to (23) follow from Fact 4. We provide some more detail on Equation (22). The
difference between the expressions in Equations (21) and (22) is that the (classical) register R’ is
removed. The stated inequality (which is even an equality) follows from data-processing because
in the states 6™ and 7 we have that R’ is a copy of R, and so can be generated based on R. This
is because in these states we have R = nmExt(X,Y), R’ = nmExt(X’,Y’), and (X,Y) = (X", Y").
The final Equation (24) follows from Equation (18).

To conclude the proof, it remains to argue that pepr depends only on the split-state adversary
A. This holds because pep is a function of the state (65™¢), v, which can be prepared by running
an independent tampering experiment with another maximally entangled state independent of the
original input message. O

3.3 From average-case to worst-case non-malleability

In this section, we show that every average-case non-malleable code is also worst-case non-malleable
with larger error, provided that the message length is not too large. More precisely, we have the
following.

Lemma 9. If (Enc,Dec) is an average-case e-non-malleable code for quantum messages of length
b, then it is also a (worst-case) €' -non-malleable code for quantum messages of length b, where
e =2b.¢.

Combining Theorem 4 with Lemma 9 immediately implies the following result.

Theorem 5. There exists a constant ¢ € (0,1) such that the following holds: The coding scheme
(Enc, Dec) described in Section 3.1 with codewords of length n and message size b < n® is (worst-

Q1)

case) e-non-malleable with ¢ = 27" Moreover, both Enc and Dec can be computed in time

poly(n).

Note that the only barrier towards obtaining a constant rate code in Theorem 5 is the fact
that the average-case non-malleable code from Theorem 4 has error ¢ = 2_"9(1>, where n is the
codeword size. Therefore, Lemma 9 only allows for quantum messages of length up to M) ag
otherwise the resulting error (2° - ) becomes trivial.

We now proceed to prove Lemma 9.

Proof of Lemma 9. Fix a split-state adversary A = (U,V, [¥)w,w,). Let p,,,; be the canonical
purification of ppy = Uys, and denote by 1 the outcome of the tampering experiment of A on the
encoding of p, i.e.,

1 = Dec((U @ V)(Enc(py,,) ® [¥) () (UT @ V).

Since (Enc, Dec) is an average-case e-non-malleable code and p,, ; is maximally entangled (and so
py 18 maximally mixed), we know that

Mirar e PAPyar + (1= pa)pyy @ Vars (25)
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where (p A,'yﬁ) depend only on the split-state adversary A. Note also that 7, = py = Uy,
Towards showing that (Enc, Dec) is also worst-case non-malleable, consider an arbitrary quan-
tum message o of size b with canonical purification o, . If

¢ = Dec((U ® V) (Enc(oy,,) @ [)(w)(UT @ V1))

is the outcome of the tampering experiment of A on message o, to derive the theorem statement
it suffices to show that

Cipag ove DAy + (L= pa) (0 @v10), (26)

where (p4, 'y]'\‘}) depend only on A and come from Equation (25).
Recalling the definition of max-divergence (Definition 12), we have that

Dmax(JM||pM) < b>

since oy < Ips and pyy = Ipy/2°. Therefore, by Fact 7 there exists a measurement {II,II} on
register M in state p with success probability Tr(ITp) > 27° such that conditioned on success we

have that
IIpIl

TMM T Ty(TTp)

First, note that IT commutes with the operations of (Enc, Dec) and A, since it is applied on register
M. Consequently, again conditioned on the measurement being successful, we have that

C R _ HT]MMH
MM T (IIp)
and so
C R _ HT’]\}[MH
MM T (TIp)
Py a1t Pl 4
Rigbe pAW + (1 —pa) Te(TIp) M

=pacy + (1 —pa) (o i)

The approximation above follows from Fact 5 and by noting that

Nyrag = PAPyas + (L= pa)py ® iy

This completes the proof. ]

3.4 Privacy of our split-state NMC for quantum messages

We show that our split-state (worst-case) non-malleable code for quantum messages is also a 2-out-
of-2 secret sharing scheme for quantum messages.

Theorem 6. Let (Enc,Dec) be the (¢ = 27nﬂ(1))—n0n—malleable code described in Section 3.1.
Then, (Enc, Dec) is also an (epriy = o—n')

scheme for quantum messages.

)-2-out-of-2 non-malleable secret sharing
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Proof. Since (Enc,Dec) is already known to be (¢ = 2_”9(1))—non—malleable by Theorem 2, it
remains to show that it also satisfies statistical privacy with error epry = 9—nM),

Let op; be an arbitrary message. Recall that Enc(ops) is composed of two parts X and
(Y, CRO'MC};), where X « {0,1}¢, Y « {0,1}% are independent and R = nmExt(X,Y) with
nmExt being the explicit function described in Fact 21. Additionally, we have Cr = Samp(R) with
Samp being the sampling procedure for the special Clifford subgroup from Fact 10.

First, note that X, the first part of Enc(oys), is clearly sampled independently of the message
o, and so statistical privacy trivially holds when an adversary only has access to this first part.
Therefore, we only need to focus on the case where an adversary holds the second part (Y, Cro MC}E)
of Enc(opy). Item 1 of Fact 21 guarantees that

RY = nmEXt(X, Y)Y %2_nﬂ(1) U, ® Usy,.

This means that we can from here onwards assume in our argument that R and Y are independent
and both uniformly distributed (i.e., RY = U, ® Us,,) at the expense of an extra additive factor

2= i1 the final statistical privacy error €pyiy.

Observe that, for a fixed message oy, the state (Y, CRUMC};) corresponding to the second part
of Enc(op) is a (randomized) function of RY only. Since we are assuming that Y is independent
of R, it suffices to argue that

CRUMMC;{ N y_n1) Opp @ Um (27)

for any message o,;,,. If Cr was uniformly distributed over the Clifford subgroup SC(Hs), then
Fact 17 would guarantee that
CRUMMCL:UM(@UM. (28)

Although Cg is not uniformly distributed over the Clifford subgroup SC(#Hus), we know from
Fact 10 that

Samp(R) %2779(1) USC(’HM)a (29)

where Samp(R) is the classical description of Cr and Ugc(y,,) is uniformly distributed over classical
descriptions of Clifford operators in SC(Hjs). Combining Equations (28) and (29) yields Equa-
tion (27). Finally, summing the various trace distances along the way yields the final statistical

. 27719(1)

privacy error &pyriy via the triangle inequality. ]

4 Threshold non-malleable secret sharing schemes for quantum
messages

In this section, we present and analyze our non-malleable threshold secret sharing schemes for
quantum messages. Before doing so, we must first introduce auxiliary objects, which we call
quantum-secure augmented leakage-resilient secret sharing schemes for classical messages.

Our final construction of a non-malleable secret sharing scheme will combine our split-state
non-malleable code for quantum messages from Theorem 1 with a standard secret sharing scheme
for quantum messages and a quantum-secure leakage-resilient secret sharing scheme for classical
messages. This overall approach can be seen as the quantum analogue of the argument by Goyal
and Kumar [GK18a].
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4.1 Quantum-secure augmented leakage-resilient secret sharing schemes for
classical messages

Roughly speaking, a (locally) leakage-resilient secret sharing scheme allows a dealer to share a
secret among p parties in such a way that authorized subsets of parties can reconstruct the secret,
but unauthorized subsets of parties gain almost no information about the secret even when they
learn bounded quantum leakage from other shares.

We proceed to define what we call, quantum-secure augmented leakage-resilient secret sharing
schemes for classical messages. Let o be a classical message in a register M, and let o, be such
that M is a copy of M. We wish to share o); among p parties in a way that any subset of at least
t parties can reconstruct the secret, but subsets of at most ¢ — 1 parties gain almost no information
about the secret, even if they learn some quantum leakage from every other share, and even when
these t — 1 parties share arbitrary entangled states with the leakage adversaries for the remaining
shares.

Towards this end, we consider a coding scheme given by a classical encoding map IrShare :
L(Hn) = L(Hs, ®Hs, ®---®@Hs,) and a classical decoding map IrRec : L(Q);er Hs,) = L(Hw),
where L£(H) is the space of all linear operators in the Hilbert space H. The reconstruction procedure
IrRec acts on any authorized subset of shares T' to reconstruct the original message M.

We now describe the adversarial leakage model we work under. Let pg;s,...s, = IrShare(o ) be
the secret sharing of message o and fix a subset T of parties. An ¢-bounded local leakage adversary
Ar is specified by p — |T'| leakage maps ®; : L(Hs, @ Hw,) — L(Hz,) for j € [p] \ T along with a
quantum state [¢))1w,w,..w, which captures the shared entanglement between non-communicating
local leakage adversaries. The outcome of the leakage operation on the j-th share S;, is stored
in register Z; with Z; being the leakage register, is obtained by applying ®; to the contents of
registers S; and W;. We assume that the leakage Z; is bounded, in the sense that |Z;| < ¢ for
every j € [p] \ T, where ¢ is some leakage bound parameterizing the leakage adversary. We denote
the outcome of the leakage experiment against Az by 747, which may be written as

FAT — <® H) ® ® D, (h‘ShaI‘e(UMM) ® |) <¢’W1W2---Wp) :

€T j&T

We are now ready to define quantum-secure augmented leakage-resilient secret sharing schemes
for classical messages. It is easy to extend this definition to more general access structures. For
simplicity and because it suffices for our needs, we focus on threshold access structures only.

Definition 20 (Quantum-secure threshold augmented leakage-resilient secret sharing). We say
that the coding scheme (IrShare,IrRec) is an (¢,e)-quantum-secure t-out-of-p augmented leakage-
resilient secret sharing scheme if the following properties hold:

e Correctness: For any set T C [p| of size |T| >t it holds that

IrRec(lrShare(o) yy) = oy

e Leakage-resilience: For any set T C [p] of size |T| =t — 1, every £-bounded local leakage
adversary

Ar = ((®))jer, [V)wiws.. W),
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and every classical message oy (with the register M being a copy of M) it holds that

.AT AT
T~ e 04
MStWr(Zj)jgr & M ® ’YSTWT(ZJ')]'QT7

where ,‘Y:;‘;WT(ZJ')]'QT is a fired state depending only'' on the adversary

Ar = (((I)j)ngv ‘¢>W1W2---Wp)'

Moreover, we say that the coding scheme (IrShare,IrRec) is an (¢, e)-quantum-secure average-
case t-out-of-p augmented leakage-resilient secret sharing scheme if the above holds for a uniformly
random message oy = Upy.

As was the case for our non-malleability definitions, our notion of average-case leakage-resilience
is akin to requiring that the average leakage-resilience error over the uniform choice of input message
be small.

We use the adjective “augmented” because we consider a leakage experiment where the distin-
guisher learns not only the shares St corresponding to the parties in 7" and the leakage (Z;);¢r,
but (crucially) also the entangled states W corresponding to parties in 7. Note that every (¢, ¢)-
quantum-secure t-out-of-p augmented leakage-resilient secret sharing scheme is also average-case
with the same parameters.

4.1.1 A 2-out-of-2 scheme

On the way to constructing a quantum-secure 2-out-of-p augmented leakage-resilient secret sharing
scheme, we first focus on the special case where ¢t = p = 2. We show that a well-known secret
sharing scheme based on the inner product extractor is a quantum-secure augmented leakage-
resilient scheme with good parameters.

Suppose that we wish to share a b-bit classical message. Let ¢ = 2° and recall the inner product
function IP : Fév X Fév — I, given by

N
i=1
where operations are performed over F,. Consider the following coding scheme (2lrShare, 2lrRec).
On input a message s € F,, the sharing procedure 2lrShare(s) works as follows:
1. Sample (X,Y) < IP71(s) = {(2,9) € FY x FY :1P(z,y) = s};
2. Set the two shares as S = X and S, =Y.

To reconstruct the secret, we set IrRec(S1,S2) = IP(S1,52). Note that both the sharing and
reconstruction procedures run in time poly(N, b). The following theorem, proved using the extractor
properties of IP (see Fact 20), states the main properties of this scheme.

1By this, we mean that the state 7:94;WT (L);gr €A be prepared without the knowledge of the input message

pvsve
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Theorem 7. The coding scheme (2lrShare, 2IrRec) defined above is an (¢, €)-quantum-secure 2-out-
of-2 augmented leakage-resilient secret sharing scheme provided that the share size N - b (in bits)
satisfies

N -b>9b+ 20+ 8log(1/e) + 40.

Moreover, the sharing and reconstruction procedures run in time poly(N,b).

Proof. The correctness and runtime of this coding scheme are straightforward. We focus on estab-
lishing leakage-resilience. We briefly discuss the intuition behind the proof. First, we consider an
“ideal” case where the message o is uniformly random. This corresponds to the two shares, X and
Y, being independent and uniformly random. In this unrealistic case we can invoke the randomness
extraction properties of IP from Fact 20 to conclude that IP(X,Y") will still be extremely close to
uniformly random even when conditioned on, say, X along the entangled state W; and the leakage
Zy from Y. Then, we move to the real case where IP(X,Y) = s for an arbitrary fixed message s by
conditioning the ideal distribution above on this event, which happens with probability 27°. This
incurs a blowup factor of 2° on the final statistical error when moving from the ideal case to the
real case, which we can survive.

Without loss of generality, fix 7' = {1} and some leakage adversary A = (P2, [¢)w,w,). First,
we consider the “ideal” case where X and Y are independent and uniformly distributed over IF(]IV .
Define p = py ¢ ®py -y, where X and Y are canonical purification registers of X and Y, respectively.
Let Z5 be the leakage register after applying the leakage function ®» to the contents of registers Y
and Ws. Invoking Fact 1, let Vg, : Hy @ Hw, = Hy @ Hz, ® ’HW2/ be the Stinespring isometry
corresponding to the leakage map ®5. Denote by v the state p® |¢) ()| and 7 by the state obtained
by applying the leakage attack defined by A to registers (Y, Wa), i.e.,

T = Vo, Vy,.
We begin by lower bounding the min-entropy of certain random variables in order to be able to
apply the extractor properties of IP. By independence of X and Y, we have that
Hynin (X’YY/WQ) > Nlogg and Hp (Y‘XXWl) > Nlogg. (30)
gl v
In fact, we claim that we actually have the inequalities

Hinin (X’Y?Wé) > Nlogg and Hpun (Y‘XXWlZg) > Nlogq — 2. (31)
T T

The leftmost inequality of Equation (31) follows by combining the leftmost inequality of Equa-
tion (30) with Fact 19, since Ty 2w = Ve, e Vq]:Q. To see the rightmost inequality of Equa-
tion (31), first note that 7,y ¢y, = ™v ® Tx gy, = Uy @ Ty xyy,- Furthermore, we have that

Inax (Y : XXW1Zy), < 2|Zo| < 20, (32)
where we recall that I, is the max-information and the inequality follows from Fact 3. The
rightmost inequality of Equation (31) now follows from Definition 13 and Definition 17 after noting
that v = Uy.

Now, set Z = IP(X,Y’) and store this string in register M. Taking into account Equation (31),
we invoke Fact 20 with the assignment of states/registers (the states/registers on the left below are
from the statement of Fact 20, while the states/registers on the right are those from this proof)

(pa W17 W27X7Y) A (Ta W1Z27 W2/7 Xa Y)
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to conclude that
TMXW, Zy Ret—e0—b UM @ TXW, 2o (33)

provided that Nlogqg = N -b > 9b+ 2¢ + 8log(1/¢e) + 40.

To conclude the proof, we would like to show that Equation (33) holds not only when X and
Y are uniformly random over IE‘(JZV , but also when X and Y are sampled uniformly at random from
any preimage IP™1(s) with oy = s € F, any fixed message. Let 7/ denote the state 7 conditioned
on the event that 7p; = ops. Then, 7/ corresponds exactly to the state obtained by sharing s using
2IrShare and then applying the leakage attack defined by A above on the resulting shares. Since
Pr[Unr = o] = 27, conditioning both sides of Equation (33) on the event that 73y = o/ yields

/ ~
TMXW,Zo et 2b=c OM & TXW, Zy,

as desired. O

4.1.2 A 2-out-of-p scheme

We now use our 2-out-of-2 augmented leakage-resilient secret sharing scheme to obtain a 2-out-of-p
scheme for any number of parties p > 3. This is accomplished by following the high-level approach
of Goyal and Kumar [GK18a] in the classical setting.

Let (2lrShare, 2lrRec) be our secret sharing scheme from Theorem 7 for b-bit messages with share
size N -b. Then, we define our 2-out-of-p secret sharing scheme (IrShare, IrRec) for b-bit messages as
follows. To share a message s € {0,1}” among p parties, the sharing procedure IrShare(s) proceeds
as follows:

1. For each pair (4,j) € [p] X [p] with ¢ < j, compute the 2-out-of-2 secret sharing (XZ,X}) —
2lrShare(s).

2. Set the final i-th share as S; = (X}, X2, .. .,Xii_l,Xii‘H, ..., XP) for each i € [p)].

For an authorized subset of parties 7" (i.e., |T'| > 2), the reconstruction procedure IrRec(St) works
as follows: Pick any two indices ¢, j € T such that ¢ < j. Then, output s = 2IrRec(X7, X;)

Note that (IrShare, IrRec) above has share size (p — 1) - N - b. The following theorem states the
secret sharing and leakage-resilience properties of (IrShare, IrRec).

Theorem 8. The coding scheme (IrShare, IrRec) is an (¢, €)-quantum-secure 2-out-of-p augmented
leakage-resilient secret sharing scheme whenever the share size (p — 1) - N - b satisfies

(p—1)-N-b>(p—1)(9+ 20+ 8log(1/e) + 161og p + 40).

Moreover, the sharing and reconstruction procedures run in time poly(p, N,b). Furthermore, the
fixed leaked state in the leakage-resilience property of Definition 20 can be obtained by running the
leakage tampering experiment for a uniform input message.

Proof. The correctness of this coding scheme is straightforward. Therefore, we focus on showing
leakage-resilience, which follows via a hybrid argument analogous to that of [GK18a, Theorem 6].

Without loss of generality we may set 7' = {1}. Fix a secret s € F, and an arbitrary leakage
adversary A = (®2,..., Py, [V)wiws..w, ), where ®; : L(Hs, ® Hw,) — L(Hz,) with Z; being the
leakage register for every i € 2, p].
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Let afngQmSp where S; = Xi1 . Xf_le'H ... X? be the p shares corresponding to the encoding
of secret s, and let

P51 2Zs..z, = (P2 @ ... ® Pp)(08,5,..5, @ [V) Wlwiws..w,)-

Let Hg ; denote the original leakage experiment when run on og g, Sy which outputs p% w7, Z,

For all pairs (i,7) € [p] x [p] with i < j, let Yij and YjZ be independent and uniformly distributed
over Fév . We consider hybrids H;; where for all pairs (¢/,4") up to (4,7) in lexicographic order we
replace Xij and XJZ: by Yij and in7 respectively.

Note that the output of Hy_;  is independent of the secret s, since it can be obtained by
running the leakage tampering experiment for a uniform input message. Furthermore, there are
(12’) < p? hybrids. Therefore, the theorem statement will follow if we show that the outputs of any
two consecutive hybrids are (¢/p?)-close in trace distance and then repeatedly apply the triangle
inequality. We show here that

H o~ HY o (34)

The desired analogous statement for any given pair of consecutive hybrids follows in exactly the
same manner. Recall that the only thing that changes from Hj, to Hfi, is that X? and X3 are
replaced by Y and Y21, respectively. Furthermore, observe that, since s is fixed, we may sample
any other pair (X7, X;) « IP71(s) for index pairs (i,) # (1,2) using randomness independent of
(X%, X1, Y2 Y. Consider an arbitrary fixing (Xij,X;) = (xf,x;) of all pairs (i,7) # (1,2) with
i < j such that IP(z, m;) = 5. Let us denote the arbitrary fixing as fix, and ofX, to mean that the
rest of the registers except (X7, X4) are set to fix. Let HOSZSX be the original tampering experiment

when run after fixing fix. Then, we have that
f i
H = (@30 .0 ) 0%y © 0 [0 (6w,

and
HY = (229 .0 ®,)(Uyz ® Uyy © 0% @ [1) (0]w,,)-

Furthermore, it holds that
HS,O = EfiXH&gX and Hf72 = EfiXHi’gx,

where Ky, stands for expectation taken over all the fixings. If we show that for every fixing fix,
HS:SX R 2 Hf:;ix, we will be done as this implies Hg, =2 Hf, by invoking Fact 6. We now
proceed to show that HS”EX R /p2 Hf;'x

By post-processing of trace distance (Fact 4) it suffices to show that

Pa(0%2x1 © Tres @ [V)(Wlwy-w,) e ppe Po(Uyz © Uy @ 078 @ [9) (0 ]wy -, )- (35)

Noting that ®9 is an ¢-bounded leakage function we see that Equation (35) follows from Theorem 7
and the definition of quantum-secure augmented leakage-resilient secrete sharing, provided that
Nlogg=N-b>9b+ 20+ 8log(1/e) + 161logp + 40. This completes the proof. O

49



4.2 Our candidate non-malleable secret sharing scheme for quantum messages

We proceed to leverage our split-state non-malleable code for quantum messages from Theorem 1
and quantum-secure augmented leakage-resilient secret sharing scheme for classical messages from
Theorem 8 to construct non-malleable threshold secret sharing schemes for quantum messages. The
high-level approach we follow can be seen as the quantum analogue of the construction of classical
non-malleable secret sharing schemes due to Goyal and Kumar [GK18a]. We exploit two crucial
properties of our split-state non-malleable code for quantum messages: First, one of its states is
fully classical. Second, it is also a 2-out-of-2 secret sharing scheme for quantum messages.

Fix a threshold ¢ > 3 and a number of parties p such that t < p < 2t — 1. We will require the
following objects:

o A 2-out-of-2 (enm = €,€priv = €)-non-malleable secret sharing scheme (2nmShare, 2nmRec)
for quantum messages of length b with a quantum left share of length b1 and a classical right
share of length by, guaranteed by Theorem 6;

e A t-out-of-p secret sharing scheme (gShare,qRec) for quantum messages of length b; with
shares of length at most ¢, guaranteed by Fact 22;

e A 2-out-of-p (¢, £leak )-quantum-secure augmented leakage-resilient secret sharing scheme (IrShare, IrRec)
for classical messages of length bs, guaranteed by Theorem 8.

We proceed to describe our candidate t-out-of-p scheme (nmShare, nmRec). On input a quan-
tum message oy with canonical purification o, ;, the sharing algorithm nmShare(c) proceeds as
follows:

1. Compute the split-state encoding prr = 2nmShare(oys), where R is a classical register;
2. Apply gShare to the contents of register L to obtain p quantum shares stored

3. Apply IrShare to the contents of register R to obtain p classical shares stored in registers
Rl, ey Rp;

4. Form the i-th final share S; = (L;, R;).

The correctness and runtime of this coding scheme are clear. In the following sections we
establish its statistical privacy and non-malleability.

4.3 Statistical privacy

Consider an arbitrary message oy with canonical purification o, . Let py;; » = 2nmShare(o,, ;)
be the split-state encoding of ¢ with L the quantum register and R the classical register. Let
~ = gShare(p) denote the state after encoding the contents of register L using the t-out-of-p secret
sharing scheme (qShare, qRec) for quantum messages, and let 6 = nmShare(o,,,,;) = IrShare(y)
denote the final state after encoding o. In order to establish the desired privacy property for
(nmShare, nmRec), we must show that for any subset of parties T C [p| of size |T'| <t — 1 it holds
that

Oxrsz e T ® G

for a fixed state (g, (recall the notation St = (S;)ier).

50



Since v = gShare(p), invoking Lemma 2 with the assignment of registers (where the registers
on the left are those from the statement of Lemma 2 and the registers on the right are the registers
used in this proof)

(p7 g, O'E,O'M) A (/7710’ PMRaPL)
ensures that
YVIRLy = PMIR QULy- (36)

Since (2nmShare, 2nmRec) satisfies Epriv-Privacy, we also have that
PR Fepiw Onr © UR- (37)
Thus, combining Equations (36) and (37) with the triangle inequality yields
VNIRLy oo O @QUr®UL,.
Since 6 = IrShare(+y), the post-processing property of trace distance (Fact 4) implies that
%1 Ry Ly ey Oy @ IrShare(Ur) ry ® ULy (38)

We conclude that
Ovrsr = Ovirp Ly Sew Tar © Csr
where (g, = IrShare(Ug)r, ® UL, is the fixed state.

4.4 Average-case non-malleability

We proceed to show average-case non-malleability for our coding scheme (nmShare, nmRec). In this
case we take oy = Uy, and so the canonical purification o, is maximally entangled. Without
loss of generality, we may take T'= {1,...,t}.

Fix an arbitrary tampering adversary A = (U1, Us, ..., Uy, [)(Y|E, E,...E,), Where the quantum
registers F1,. .., I, store an arbitrary quantum state to be used as shared entanglement across the
several tampering adversaries. Our goal is to reduce the non-malleability of (nmShare, nmRec) to
the non-malleability of (2nmShare, 2nmRec). In order to do this, we show that if A breaks the
(Enm + 24/Eleak)-non-malleability of (nmShare,nmRec) via the authorized subset T, then we can
build, using A, a split-state adversary A" = (U, V, |v){y|w,w,) that breaks the e,m-non-malleability
of (2nmShare, 2nmRec). Since we know that (2nmShare, 2nmRec) is enm-non-malleable, the desired
result follows.

To build the 2-split-state tampering adversary A’ from our original adversary A, we would like
to follow the high-level approach of Goyal and Kumar [GK18a] in the classical setting and extend
it to the quantum setting. However, as already mentioned in Section 1.3.2, naively replicating this
argument in the quantum setting is not possible since the quantum side information cannot be
fixed. We require a quantum-secure augmented leakage-resilient secret sharing scheme to overcome
this issue. Another thing that complicates the approach in the quantum setting is that the register
L in the split-state encoding (L, R) of the message ojs is quantum and so is lost after tampering.
We get around this issue by considering “coherent copies” of L and R which we will be able to
access in our analysis even after L has been destroyed.

To be more precise and because it will be useful during the following argument to generate
coherent copies of registers, we recall some properties of (2nmShare, 2nmRec). First, 2nmShare(ojy)
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is composed of two parts, R and L = (L', L?), where R = Ur and L' = U} are classical registers,
and L? is the quantum register. Moreover, we have that L? = CKO'MC}L( = U2 with K =
nmExt(R, L'), where nmExt is the explicit quantum-secure 2-source non-malleable extractor from
Fact 21, and Ck is an appropriate Clifford gate. It follows from the procedure that

2nmShare(oy) = U ® Ug. (39)

Note that 2nmShare is a CPTP map and not an isometry — to access “coherent copies” of L
and R, we will have to consider the Stinespring isometry extention of 2nmShare. Let Voumshare :
Hyr — (Hr ® Hr ® Hp) be the Stinespring isometry extension (see Fact 1) of 2nmShare, where
the register F' in the definition of Voymshare is the external ancilla register required to implement

the operation 2nmShare as an isometry. Let v = Vanmshareo, MV2TnmShar .- Observe that v is a pure

) . Combining this with Equation (39),

state and 2nmShare(oys) = Try (V2nm5hare‘7MMV2i1mShare

we have that
TIMF(V):UL®UR. (40)

Let p; j g be the canonical purification of prr = Up ® Ugr. We now invoke Uhlmann’s theorem
(Fact 9) with the following assignment of registers (where the registers on the left are those from
the statement of Fact 9 and the registers on the right are the registers used in this proof):

(0a,pa,04C,PAB) < (VLR PLR VL i PLRIE)-

This guarantees the existence of an isometry Uhlmann : H ; @ Hp — H; ® Hp such that

AB (pLRﬁR7 (Uhlmann)yLRFM(UhImannT)> = AB(PLR,VLR) = 0,

where the rightmost inequality holds because prr = vpr = Up, ® Ug. Thus, we conclude that the
state p as depicted in Figure 8 satisfies

Prirk =Pri ® Prp and prr =UL @ Ug. (41)

With access to coherent copies of L, R in state p, we now move on to consider the two relevant
tampering experiments are described in Figures 8 and 9 for some adversaries A’ and A, respectively.
We will refer to states in those figures throughout our argument. First, observe that the state p is
the same in Figures 8 and 9. Moreover, the procedures applied to the states 7/ and 7 in Figures 8
and 9, respectively, are also the same. This means that in order to prove the desired result it suffices
to show that given any adversary A in Figure 9 we can come up with a corresponding 2-split-state
adversary A" = (U, V, |v)(v|lw,w,) (which transforms the state p into 7" in Figure 8) such that 7/
in Figure 8 is appropriately close (in trace distance) to the state 7 in Figure 9.

As a stepping stone towards defining A’, we begin by studying the state 6 in Figure 9, which
is obtained from p through an application of the qShare and IrShare procedures. Note that 6 is
not pure — to facilitate the analysis, we will from here onwards work with the pure state extension
of 0, which, because the context is clear, we will also call . More precisely, let Voshare : Hr —
(Hp, ® --- ® Hr, ® Hj) be the Stinespring isometry extension (see Fact 1) of gShare, and let
Visshare © Hr = (HRr, ® - @ Hr, @ Hp @ -+ ® HRP) be the Stinespring isometry extension

(see Fact 2) of IrShare. The registers L and Ry,... ,]:Zp in the definitions of Vishare and Virshare,
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respectively, are the external ancilla registers required to implement the operations lrShare and
gShare (which are CPTP maps) as isometries. Then, we define

def
0= (Vashare ® Vieshare) 2(Volshare ® Vilshare)-

We also consider the following intermediate state 6’ obtained from 6 by tampering with the first
t — 1 shares according to A, i.e.,

Y (U ®.. . 0U10Lo.. . L) [ We. ) Ul e.. . oU_ ollc..I).

The registers associated with 6’ are found in Figure 9 after applying Uy,...,U;_1 to 6. In what
follows we will need to refer to several registers of 6’. To help with readability, we define

Wi = RiLyyBpppylLy and W3 = Ry oy By Rieer ) By

as shorthand, where we recall that [t, p] denotes the set {¢,¢+ 1,...,p}. The notation W{ and W}
is justified by the fact that we will use vy, w, = 0’W1W2 with

W1 = RtL[tfl}E[t,p]ﬁiL[t,p] and W2 = R[tfl}E[tfl}RR[tJrl,p]R[p]7

obtained by adding R to W5 and L to W/, respectively, as the shared entanglement for the 2-split-
state adversary A’.

We now present some important properties of the state #. Their proofs appear later in Sec-
tions 4.4.1 and 4.4.2. The first claim states that the coherent copy L defined above is independent
of R even when W} is revealed as side information.

Claim 1. We have that
/ _ /
Virwy =29 Oy
The second claim states that R is close to being independent of L given the side information
W{. This uses the augmented leakage-resilience property of the (IrShare, IrRec) scheme.

Claim 2. We have that
/ _ / /
Opiw; ek O @ Op -

We use these claims as starting points towards constructing the tampering maps U and V of
the 2-split-state adversary A’. First, we show that there exist maps U’ : Hy ® Hw, — Hyy; and
V' Hr®Hw, — Hw, and a pure state yw, w, that depends only on (U1, Us, ..., U—1, [¥) (Y| E, .5, )
such that

O, ~2yam (U@ V) (0 @ v, (U @ (V). (42)

Equation (42) is a consequence of a careful instantiation of the following fact. A variation of the
fact below in terms of mutual information already appears in [JPY14, Lemma II.15]. For the sake
of completeness, we provide a proof of the version we need in Section 4.4.3.

Fact 24. Let ¢px apy be a pure state such that

OXBY ey OX @ OBy  and Pyax Re, Oy @ dax.
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Furthermore, let k be a pure state such that
Fx xvv = fxax @ vy

where X1 and Y1 are the canonical purification registers of X1 and Y1, respectively, and
kx, = ¢x and Ky, = oy.

Then, there exist two isometries U’ : HX1 QHARQHx — Ha and V' : Hfﬁ QHpRHy — Hp
alongside a pure state yxapy such that

PXABY Ra(yaitya) (U @V)(k® MU @ (V).

To be precise, we obtain Equation (42) from Fact 24 via the assignment of registers (below the
registers on the left are from Fact 24 and the registers on the right are the registers in this proof)

((bv ¢X7¢Y7¢A7¢Bv’%7 KXla"Qsz"ina’k';XZ) — (9I76%79;%7 {/[/1’79{/V2’7p7p£7pR7PLapR)a

and by setting €1 = 0 and €2 = €eak, Which is justified by Claims 1 and 2, respectively. Furthermore,
we have used Claims 1 and 2 to satisfy the conditions of state ¢ (which will be state 6 in this proof)
in Fact 24.

We use U’ and V' to construct the CPTP 2-split-state tampering maps U : L(H @ Hw,) —
L(Hp) and V : L(Hg @ Hw,) — L(HR) of A" as follows:

e On input the contents of registers pr, and ~p,, the map U first applies the unitary U’ :
Hr @ Hw, — My to generate the contents of register 6/ / (approximately). In particular,
note that registers Lj;_yRiL¢E; are part of W{. Then, it uses the unitary U; followed by
qRec to generate 77, and traces out the remaining registers of Wj.

e On input the contents of registers pr and 7y,, the map V first applies the unitary V' :
Hr ® Hw, — Hyy to generate the contents of register 0{,[,2, (approximately). In particular,

note that Ry is part of W (this crucially uses the fact that ¢ > 2). Then, it uses IrRec to
generate 7 from 9}%[2] and traces out the remaining registers of Wi;

Let T’L ALR = (UV)(p@vyw,w,) be the state obtained after applying the 2-split-state tampering
attack defined by A" = (U, V,yw,w,) on p in Figure 8. By inspecting the definition of 6" above,
the state 7; 5, » obtained after applying the tampering attack defined by A on p in Figure 9 can
be written as

A A pr— / T
Ti LR (qRec ® IrRec) ((Utﬁ U, )ﬁRLMRm> . (43)

Recall from our discussion above that our main goal is to show that these two states 7 and 7/
are appropriately close in trace distance. Combining Equation (43) with Equation (42) and the
postprocessing property of trace distance (Fact 4) yields
T2 5 ~ T/A 2 (44)
LRLR T 2\Feak 'LRLR’
To see this, first note that registers 921“. Li_1L.R.E, &€ obtained by applying U "to pr ® yw,. Then,
the register 77, is generated using qRec(UtH/le L1 LiRiEs UtT). On the other hand, the register 75 is
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Figure 8: Tampering experiment for average-case 2-out-of-2 NMSS.

generated using IrRec with input the registers 0}2[2], which are themselves generated from pr and
Y, via V'

Recalling that the operations applied to 7" and 7 in Figures 8 and 9, respectively, are the same,
we conclude from Equation (44) and postprocessing (Fact 4) that the final decoded tampered state
n in Figure 9 satisfies

Nirm N2z TTF ((UhlmannJr ® 2nmRec)(U @ V)(p ® 7W1W2))> . (45)

Moreover, from the e,m,-non-malleability of (2nmShare, 2nmRec) we get that
Trp ((Uhimann® @ 20mRec) (U @ V)(p @ 1wa102)) ) Ko aTypay + (1= 4oy @ CiYs (46)

where (p4, Cﬁ) depend only on (U, V,yw,w,), which further depend only on the initial adversary
A = (Uy,Us,...,U, )(¥|E,..E,). Finally, combining Equations (45) and (46) with the triangle
inequality leads to

MM e +2y/Fear PAT iy + (1= pa)oy @ Cits

which completes the proof of average-case non-malleability.

4.4.1 Proof of Claim 1

For convenience, we restate the relevant claim.

Claim 1. We have that

0",

_ /
LRW2'_9£®0"

RW}"

Proof. From Equation (41), we have that p,;pn = p;; ® prp. Further we have 6 = (Vishare ®

VlrShare)P(VJShare ® VJShare). Since Vgshare and Virghare act on two different registers L and R,

respectively, we have that

0::r pp 5 =0i 0nr = . a7
LLLpy REpp) Ry LLLy, ® RRpp) Ryp) (47)
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Figure 9: Tampering experiment for average-case t-out-of-p quantum NMSS.

Furthermore, using the fact that Vighare is a t-out-of-p secret sharing scheme and invoking Lemma 2,
we have that
Otpy =02 @00y =0, @ UL,y

This means that
Oiry yhry iy =08 @000y © Ohmy iy
and so by postprocessing (Fact 4) it follows that

0 e = =000 R
LLp—1) Ry 1) Ere—1) By, p) BE e p) Bip) L Lig—11Bie—1) Epe—1) Bt p) BRpe p) Bip)

which, again by postprocessing (Fact 4) and by the definition of W, implies the desired statement.
O

4.4.2 Proof of Claim 2
For convenience, we restate the relevant claim here.

Claim 2. We have that

/ ~ / !
eéiw{ Feeak O @ HLW{‘

Proof. We use the 2-out-of-p (¥, €jeak)-quantum-secure augmented leakage-resilient secret sharing
property of IrShare to conclude that

o',

- ~., 020 48
RRiLpy_11Ey p) LLL 4 Cleak “ R ( )

ReLyy 1) Epy ) LLLy )

Recalling the definition of W, this corresponds exactly to the statement of Claim 2.
To see why Equation (48) holds, first recall that

0=U10..0U019Le...1,) 0 ) We. 50U .00 olle...I),

with 0 illustrated in Figure 9. We now consider the following leakage attack on the Ry, registers:
Taking into account the notation from Section 4.1, we set T' = [t — 1] and for each i € [t — 1] we
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see W; = (L;, E;) as the entangled register for the local leakage adversary attacking R;. Recall
that the i-th tampering map U; is applied to (S;, ;) = (Li, R;, E;), yielding tampered registers
(Li, R, E;). Given this, we see L;, which satisfies |L;| < ¢, as the ¢-bounded leakage on the i-
th share R; produced by the i-th local leakage adversary for IrShare with access to R; and the
entangled registers (L;, E;). Furthermore, we set the entangled register associated with the share
R, as W, = (E[t,p]’ ﬁ, [NJ,L[tvp}), and for ¢ > t we set the entangled registers W; to be empty. Note
that from Equation (47) we have that

071 ap 5 =0;; 0rn -
LLLy) RRp Ry LLLp, ® RREpp) Ryp)?

and so the selected shared entangled state stored in registers Wi,..., W,, does not depend on
the contents of R and R. Invoking Theorem 8 and the augmented leakage-resilience property of
(IrShare, IrRec) under this leakage attack yields Equation (48), which completes the proof. ]

4.4.3 Proof of Fact 24
For convenience, we restate the relevant fact here.

Fact 24. Let ¢x apy be a pure state such that

PxBY Rey Ox @ dpy  and Py Ax Re, Py @ Pax.
Furthermore, let k be a pure state such that
Ex,Xivvs = Fx gy © By
where X1 and Y1 are the canonical purification registers of X1 and Y1, respectively, and
kx, = ¢x and Ky, = Qy.
Then, there exist two isometries U’ : Hy @Ha®@Hx — Ha and v’ Hy @ Hp @ Hy — Hp
alongside a pure state yxapy such that
oxaBy R /ey (U @ V) (@)U e (V).

Proof. We are given a state ¢x 4y such that

OXBY ey Ox @ ¢y and  Pyax Re, Oy @ dax.

We intend to show that we can generate a state close to ¢ using only kKx,v; = ¢x ® ¢y, shared
entanglement ~, and isometries U, V. We use an independent copy of ¢ as shared entanglement,
i.e., YXABY = ¢xABy. We first correlate registers Kx, %, and shared entanglement vx 4py using
the isometry U to obtain state ¢’. We next correlate registers Ky, v, and state ¢’ using the isometry
V to obtain ¢”. Then, we show that state ¢” is the final state which will be close to ¢ in trace
distance, as desired. We use Uhlmann’s theorem (Fact 9) to argue closeness in trace distance.
Consider the pure state
n=FKx x, ®VXABY-

Using the fact that kx, = ¢x, we have that nx, py = ¢x ® ¢py. Moreover, since ¢px ® ¢ppy ~¢,
¢xpy by hypothesis, it follows that nx, py ~¢, ¢xBY-
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We invoke Uhlmann’s theorem (Fact 9) with the following assignment of registers (where the
registers on the left are those from the statement of Fact 9 and the registers on the right are the
registers used in this proof):

(04, pa,04C, pAB) < (Nx,BY OXBY : Nx, By %, x A» PXBY A)-
This guarantees the existence of an isometry U : H % ® Ha® Hx — Ha such that

Ap (¢, Bya, dxBya) = Ap(nx, By, dxBY) < Ve /2 (49)

with qﬁ’Xl ayp = U (/@Xl % ®x ABy) Ut and where the rightmost inequality follows from Fact 8

and the fact that nx, py ~:, ¢xBy-
Now, consider the state ' = d)’Xl Ay @ Ky y,- Observe that

Ny Ay, = Pxia ® Ky, = ¢4 ® by (50)

Using Fact 8 and the fact that ¢y ® pax ~-, ¢y ax (by hypothesis), we get

Ap(dy ® dpax, dyax) < Ve2/2. (51)
From Equation (49) and Fact 4, we get Ap(¢'y, 4, ¢xa) < \/€1/2. This further implies that
AB(Px, 4 @ by, dxa @ dy) < \Ver/2. (52)

Combining Equations (50) to (52) along with the triangle inequality, we have that

Ap(nly, ay,s dxay) < Ver/2+V/e2/2.

We use Fact 9 with the following assignment of registers (below the registers on the left are
from Fact 9 and the registers on the right are the registers in this proof),

(04504,0405 PAB) < (X, Avys PXAY s x| avi¥1y 3 PXAYB)-

From Fact 9 we get an isometry V : Hfﬁ Q@ Hp ® Hy — Hp such that

Ap (8%, 4y, 8- dx4vB) = Ap(Sx, Ay, dxay) < Ve1/2+\/e2/2,. (53)
where,

Seoavin =V (Sxavs @ hyy, ) V= U V)(ro @t o V.
From Equation (53) and Fact 8, we obtain the desired statement. O

4.5 From average-case to worst-case non-malleability

In Section 4.4, we showed that our secret sharing scheme (nmShare, nmRec) for quantum messages
described in Section 4.2 is average-case (€nm+2+/Eleak )-non-malleable. To obtain our Theorem 3, we
would like to upgrade from average-case to worst-case non-malleability. This can be done in exactly
the same manner as was done for our 2-split-state NMC for quantum messages in Section 3.3, and
so we avoid repeating the argument here. More precisely, the following easy extension of Lemma 9
holds in the secret sharing setting.
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Lemma 10. If (Share, Rec) is an average-case (€priv, €nm)-non-malleable secret sharing scheme for
quantum messages of length b, then it is also a worst-case (Epriyv, Epm)-non-malleable secret sharing
scheme for quantum messages of length b, where €/, = 2" - enm.

Combining Lemma 10 with the statistical privacy property shown in Section 4.3 and the average-
case non-malleability property shown in Section 4.4 yields the following result.

Theorem 9. Given a threshold t > 3 and a number of parties p such that t < p < 2t —1, it holds
that the scheme (nmShare, nmRec) described in Section 4.2 is a t-out-of-p (€priv, Epm)-non-malleable
secret sharing scheme for quantum messages of length b with €', = 2°(enm + 2+/Eleak)-

It remains to set the parameters in Theorem 9 (which come from the underlying objects used
to define our secret sharing scheme in Section 4.2) appropriately so that we can obtain Theorem 3.

4.6 Setting the parameters

To conclude our argument, we now show how to instantiate the objects used to define our secret
sharing scheme in Section 4.2 to get Theorem 3. First, due to Theorem 6, the underlying 2-out-of-2
(€priv, €nm)-non-malleable scheme (2nmShare, 2nmRec) can be set so that epriy = enm = 27" and
that the quantum left share and classical right share have lengths b; and bo, respectively, satisfying
b1 + by = n, provided that the input quantum message has length b < n¢ for some sufficiently
small absolute constant ¢ > 0. Since b; < n, the scheme (qShare, qRec) produces shares of length
¢ = poly(p,n) by Fact 22. Finally, by Theorem 8, the scheme (lrShare,IrRec) can be set so that
it is (¢ = poly(p,n), €leak = 2_"9(1))—augmented leakage-resilient with shares of length poly(p,n).
Additionally, all of these procedures run in time poly(p,n). Combining this with Theorem 9 yields
the desired Theorem 3, provided that the input quantum message length b is at most n¢ for a
sufficiently small absolute constant ¢ > 0. We restate the resulting theorem here for convenience.

Theorem 3 (Split-state threshold NMSS schemes for quantum messages). There ezist constants
¢,C > 0 and an integer ng € N such that the following holds for any number of parties p and
threshold t > 3 such that t < p < 2t — 1 and for any n > ng: There exists a family of t-out-
of-p (Epriv = €,6nm = €)-non-malleable secret sharing schemes for quantum messages with shares
of size at most (pn)©, message length |n¢|, and error ¢ = 27"°. Furthermore, the sharing and
reconstruction procedures of this scheme can be computed in time polynomial in p and n.

4.7 Quantum-secure classical non-malleable secret sharing schemes

In this section, we present and analyze non-malleable threshold secret sharing schemes for classical
messages secure against quantum adversaries with shared entanglement. Here, both the sharing and
reconstruction procedures are classical, and we call these schemes quantum-secure non-malleable.
We obtain such schemes via a simpler and entirely analogous realization of the approach laid out
earlier in this Section 4, combining a known split-state non-malleable code for classical messages
from [BBJ23] with Shamir’s secret sharing scheme and a quantum-secure leakage-resilient secret
sharing scheme for classical messages.

We begin by defining threshold quantum-secure non-malleable secret sharing schemes. This
definition follows along the lines of Definition 2 specialized to classical messages and with a different
definition of the register M. Let o be a classical message, and set M to contain a copy of this
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message.!? We consider a classical scheme (nmShare,nmRec) with a classical sharing procedure
nmShare : L(Hpr) = L(Hs, ® Hs, @ --- @ Hg, ) and a classical reconstruction procedure nmRec :
L(Q;crMs;) — L(Har), where L(H) is the space of all linear operators in the Hilbert space H
and the reconstruction procedure nmRec acts on any authorized set T'.

Let p = nmShare(o,, ;) be the classical sharing of op7, and denote by S, Sa, ..., Sp the classical
registers corresponding to the p resulting shares. The most basic property we require of this scheme
is correctness, i.e., for any subset of shares T' C [p] such that |T| > ¢, we must have that

nmRec(pMST) =0

A split-state tampering adversary Ap for some authorized subset T of size |T| = t is specified as

AT - <® Uia ‘1;/}>W1W2...Wp> )

€T
where [1)1w,w,..w, represents the entangled quantum state shared among tampering adversaries

and U; : L(Hs,) ® L(Hw,) = L(Hs,) ® QL(Hw,) are the tampering maps. We denote the resulting
tampered state by

AT — <®Ui>® Q1| | (nmShare(o) @ [1) (W] w,...wv,,) (@UJ)@ X1

ieT j&T ieT je&r
We are now ready to define threshold quantum-secure non-malleable secret sharing schemes.

Definition 21 (Threshold quantum-secure non-malleable secret sharing scheme). The coding scheme
(nmShare, nmRec) is said to be a t-out-of-p (€priy, Enm)-quantum-secure non-malleable secret sharing
scheme, if for any classical message ony € D(Har) (with copy oy, in o) the following properties
are satisfied:

e Correctness: For any T C [p| such that |T| >t it holds that
nmRec(nmShare(o,,)s:) = 017>
where we write Sp = (S;)ier-
e Statistical privacy: For any T C [p] such that |T| <t —1 it holds that
nmShare(oy, vr) vrs.. Fepiv Oxr @ CSrs
where Cs,. is a fived state independent of opr.

e Non-malleability: For any T C [p| such that |T| =t and for every split-state tampering
adversary Ar as above, it holds that

nmRec(rit ) Sy DAz Oypn + (1= Par)oy @ 1if (54)

where pa, € [0,1] and ’y]'é[T depend only on the adversary Ar.

If Equation (54) is only guaranteed to hold when oy = Upy, we say that (nmShare, nmRec) is
an average-case t-out-of-p (Epriv, €nm)-quantum-secure non-malleable secret sharing scheme.

12Here, the register M is a classical copy of M, while in our definition of NMSS schemes for quantum messages M
is the canonical purification register of M.
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We will require the following known quantum-secure 2-out-of-2 non-malleable secret sharing
scheme from [BBJ23], along with standard Shamir’s threshold secret sharing scheme.

Theorem 10 (Average-case 2-out-of-2 quantum-secure non-malleable secret sharing scheme with
constant rate [BBJ23|). For any fized constant ¢ > 0, there exists an average-case 2-out-of-2
(€priv, Enm) -quantum-secure non-malleable secret sharing scheme for classical messages with code-
word length n, message length at most (% — c) n, Epriv = 9% ind Enm = 2_”96(1), where Q¢(+)
hides constants which depend only on c. Furthermore, the sharing and reconstruction procedures
can be computed in time poly(n).

Fact 25 (Classical Shamir’s secret sharing [Sha79]). For any number of parties p and threshold t
such that t < p, there exists a t-out-of-p secret sharing scheme (Share, Rec) for classical messages
of length b with share size at most max(p,b), where both the sharing and reconstruction procedures
run in time poly(p, b).

4.7.1 Our candidate quantum-secure non-malleable secret sharing scheme

We leverage the 2-out-of-2 quantum-secure non-malleable secret sharing scheme from Theorem 10
and our quantum-secure augmented leakage-resilient secret sharing scheme for classical messages
from Theorem 8 to construct quantum-secure non-malleable threshold secret sharing schemes. As
mentioned before, we accomplish this via the same techniques we used to construct our NMSS
schemes for quantum messages earlier in this section.

Fix a threshold ¢ > 3 and a number of parties p such that ¢t < p. We will require the following
objects:

e A 2-out-of-2 (enm = ¢, Epriv = ¢)-quantum-secure non-malleable secret sharing scheme, which
we denote by (2nmShare, 2nmRec), for messages of length b with a left share of length b; and
a right share of length bs, guaranteed by Theorem 10;

e A t-out-of-p secret sharing scheme (Share, Rec) for messages of length b; with shares of length
at most ¢, guaranteed by Fact 25;

e A 2-out-of-p (¢, £leak )-quantum-secure augmented leakage-resilient secret sharing scheme, which
we denote by (IrShare, IrRec), for classical messages of length b, guaranteed by Theorem 8.

We proceed to describe our candidate ¢-out-of-p scheme (nmShare, nmRec). On input a classical
message oy (with a copy M in o), the classical sharing algorithm nmShare(c) proceeds as
follows:

1. Compute the encoding prr = 2nmShare(oy);

(\V)

. Apply Share to the contents of register L to obtain p shares stored in registers L, ..., Lp;

w

. Apply IrShare to the contents of register R to obtain p shares stored in registers Ry, ..., RRy;
4. Form the i-th final share S; = (L;, R;).

The corresponding reconstruction algorithm nmRec is straightforward. The differences between
our quantum-secure NMSS scheme considered here and the NMSS scheme for quantum messages
from Section 4.2 are the following:
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e The NMSS scheme for quantum messages from Section 4.2 uses (2nmShare, 2nmRec) guar-
anteed by Theorem 6, while we use (2nmShare, 2nmRec) guaranteed by Theorem 10.

e The NMSS scheme for quantum messages from Section 4.2 uses quantum Shamir’s secret
sharing (qShare, qRec) guaranteed by Fact 22, while we use classical Shamir’s secret sharing
(Share, Rec) guaranteed by Fact 25. This ensures that for classical messages we get t-out-of-p
NMSS schemes for any ¢t < p and ¢ > 3.

e In the non-malleability argument for our NMSS scheme for quantum messages in Section 4.4,
we have used the Uhlmann isometry to create the coherent copies of quantum registers. For
the non-malleability argument of our quantum-secure NMSS scheme we can completely ignore
such an argument and just copy the classical registers and proceed with the rest of argument.

We have the following result.

Theorem 11 (Average-case t-out-of-p quantum-secure non-malleable secret sharing scheme). The
coding scheme (nmShare,nmRec) as described in Section 4.7.1 is an average-case (Epriv,Enm +
2, /Eleak ) -quantum-secure non-malleable secret sharing scheme.

Proof. The correctness and runtime of this coding scheme are clear. Establishing the statistical
privacy and average-case non-malleability of our scheme follows analogously to the arguments
in Section 4.3 and Section 4.4, respectively, and we opt to not repeat them. O

As before, it remains to upgrade average-case non-malleability to worst-case non-malleability.
This is also generically possible in the present setting, as captured by the following lemma whose
proof is analogous to those of Lemmas 9 and 10.

Lemma 11. If (Share,Rec) is an average-case (€priv, Enm)-quantum-secure non-malleable secret
sharing scheme for messages of length b, then it is also a worst-case (Epriv, Epm)-quantum-secure
non-malleable secret sharing scheme for messages of length b, where e/, =20 - enm.

Finally, the choices of parameters used to instantiate our construction in this section are anal-
ogous to those of Section 4.6. We obtain the following final result by combining Theorem 11 with
Lemma 11.

Theorem 12 (Threshold quantum-secure NMSS schemes). There exists a constant ¢ € (0,1) such
that the following holds: Given a threshold t > 3 and a number of parties p such that t < p, there
exists a (Epriv = €,€nm = €)-t-out-of-p quantum-secure non-malleable secret sharing scheme for
messages with shares of size at most poly(p,n), any message length at most n¢, and € = 9
Furthermore, the sharing and reconstruction procedures of this scheme can be computed in time

poly(p, n).
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