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Abstract

We construct the first tightly secure hierarchical identity-based encryption (HIBE) scheme based
on standard assumptions, which solves an open problem from Blazy, Kiltz, and Pan (CRYPTO 2014).
At the core of our constructions is a novel randomization technique that enables us to randomize user
secret keys for identities with flexible length.

The security reductions of previous HIBEs lose at least a factor of @), which is the number of user
secret key queries. Different to that, the security loss of our schemes is only dependent on the security
parameter. Our schemes are adaptively secure based on the Matrix Diffie-Hellman assumption, which
is a generalization of standard Diffie-Hellman assumptions such as k-Linear. We have two tightly
secure constructions, one with constant ciphertext size, and the other with tighter security at the cost
of linear ciphertext size. Among other things, our schemes imply the first tightly secure identity-based
signature scheme by a variant of the Naor transformation.

Keywords: Hierarchical identity-based encryption, tight security, affine message authentication
codes.

1 Introduction

1.1 Motivation

TIGHT SECURITY. Reductions are useful tools for proving the security of public-key cryptographic schemes.
Asymptotically, a reduction shows that if there is an efficient adversary A that breaks the security of a
scheme, then we can have another adversary R that solves the underlying computationally hard problem.
Concretely, a reduction provides a security bound for the scheme, e 4 < £- er,' where 4 is the success
probability of A and e is that of R. Ideally, it is more desirable to have ¢ as small as a constant. We
say a reduction is tight if £ is a small constant and the running time of A is approximately the same as
that of R. Most of the current works have considered the tightness notion called “almost tight security”,
where ¢ may linearly (or, even better, logarithmically) depend on the security parameter, but not on
the size of A.2 Recently, tightly secure cryptographic schemes drew a large amount of attention (e.g.
[HJ12, CW13, BKP14, GHKW16, GDCC16, AHNT17, GHKP18, HHK18]), since tightly secure schemes
do not need to compensate for any security loss.

(HIERARCHICAL) IDENTITY-BASED ENCRYPTION. The concept of identity-based encryption (IBE) was
proposed by Shamir [Sha84] to simplify the management of public keys and certificates. With an IBE

*Most of this work were done when both authors were at Karlsruhe Institute of Technology (KIT), Germany. In particular,
J. Pan was employed at the group of Dennis Hofheinz and supported by DFG grant HO 4534/4-1.

1Here we ignore the additive negligible terms for simplicity.

2In this paper, we do not distinguish almost tight security from tight security, but we will detail the security loss in the
security proof and comparison of our schemes.
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scheme, one can encrypt a message under a recipient’s identity id (for instance, email address or ID card
number), and this encrypted message can be decrypted with user id’s secret key from a trusted authority.
The first constructions of IBE were given in 2001 [BF01, Coc01, SOK00] in the random oracle model.

A hierarchical IBE (HIBE) scheme [HL02, GS02] generalizes the concept of IBE and provides more
functionality by forming levels of a hierarchy. In an L-level HIBE, a hierarchical identity is a vector of
maximal L identities, and a user at level ¢ can delegate a secret key for its descendants at level i’ (where
i < i’ < L). Moreover, a user at level ¢ is not supposed to decrypt any encryption from a recipient who is
not among its descendants. HIBE schemes not only are more general than IBE schemes (for instance, an
IBE is simply a 1-level HIBE), but also provide numerous applications. Most famous ones are CCA-secure
IBEs [CHKO04] and identity-based signatures [KN09] from HIBE. Both implications are tight.

Adaptive security is a widely accepted security notion for (H)IBEs, where an adversary is allowed
to adaptively choose a challenge identity id* after it sees the (master) public key and Q-many user
secret keys for adversarially chosen identities. To achieve adaptive security in the standard model,
the early IBE constructions require either non-tight reductions to the hardness of the underlying
assumptions [Wat05, CLLT13, Lew12, JR13], or Q-type, non-static assumptions [Gen06].

In 2013, Chen and Wee constructed the first tightly secure IBE based on static assumptions in the
standard model [CW13]. After that, several works have been done to improve its efficiency and achieve
stronger security [BKP14, HKS15, GDCC16, HJP18]. However, constructing an L-level HIBE for L > 1
with a tight (i.e., independent of @) security reduction to a standard assumption remains open.

HIBES MEET TIGHTNESS: DIFFICULTIES AND THE HOPE. Before analyzing the difficulties of achieving
tightly secure HIBE, we consider the security loss of the current state-of-the-art HIBEs. The L-level
HIBE from [Wat05] has a relatively large security loss, Q¥, which depends on both @ and L. Although
the security loss of more recent HIBEs [Wat09, Lew12, CW13, BKP14, GCTC16] does not depend on
the number of maximal levels L, they are still not tight and lose a factor of Q.

In general, it is harder to construct HIBEs than IBEs, since HIBEs allow public delegation of user
secret keys, given the corresponding ancestor’s secret key. Hence, given a tightly secure IBE, there is no
(tight) black-box transformation to HIBE. The work of Lewko and Waters [LW14] shows the potential
difficulty of constructing HIBE with tight reductions. More precisely, [LW14] proves that it is hard to
have an HIBE scheme with security loss less than exponential in L if the HIBE has rerandomizable user
secret keys (over all “functional” user secret keys).

The first attempt of constructing tightly secure HIBEs is due to Blazy, Kiltz, and Pan (cf. the
proceeding version and the first full version of [BKP14]), where they tightly transform algebraic message
authentication code (MAC) schemes with affine structures to (H)IBE schemes. As long as the algebraic
MAC has tight security, the resulting (H)IBE is tightly secure. The first version of their paper contains
a tightly secure delegatable MAC, which results in a tightly secure HIBE. The resulting HIBE has
bypassed the impossibility result of [LW14] and their user secret keys are only rerandomizable over all
keys generated by the user secret key generation algorithm, which is only a subspace of all “functional”
keys. However, shortly after its publication, a flaw was found in a proof step of the delegatable MAC,
and they remove this tightly secure delegatable MAC from their paper. The flaw is basically due to the
fact that the BKP randomization technique failed to randomize MAC tags (which is an important part of
user secret keys) for hierarchical identities.

The hope of achieving tight security for HIBEs lies in developing a novel method that enables
randomization of user secret keys for identities with flexible level.

1.2 Owur contributions

We answer the aforementioned open question affirmatively with two tightly secure hierarchical identity-
based encryption schemes with identity space ZD := ({0, 1}%)<L: One with constant ciphertext size (in
terms of the number of group elements) and O(aL?) security loss, and the other with ciphertext size
linear in L but O(aL) security loss. Both schemes are the first tightly secure HIBEs. We compare our
schemes with the existing HIBE schemes in prime-order pairing groups in Table 1.

Furthermore, via the known tight transformations from [KN09] and [CHK04], our HIBEs imply the
first tightly secure identity-based signature and tightly CCA-secure HIBEs almost for free. We note that
an (L + 1)-level HIBE tightly implies an L-level CCA-secure HIBE via the CHK transformation [CHK04]
in the single-challenge setting.



Scheme |mpk| |usk| |C| Loss Assumption
Wat05 [Wat05] O(al)|G| O(aL)|G| (1+p)|G| O(aQ)* DBDH
Wat09 [Wat09] O(L)[G| OP)IG| +1Zq]) | OP)(IG|+ |Zq) o) 2-LIN
Lew12 [Lew!12] 60|G| + 2|Gr| (60 + 10p)|G| 10p|G| 0(QL) 2. LIN
CW13 [CW13] O(LK?)(|G1| + |Ga)) O(LK)|Go| (2k + 2)|G4| 0(Q) k-LIN
BKP14 [BKP14] O(LK?)(|Gy| + [Gal) O(LK)|Gs| (2k + 2)|G | 0(Q) k-LIN
2
cercis [corcig | (O Tfkkl('g ‘1(‘}; G=1) (fﬁ(’“ktl;’)gﬁ@l 3k +6)[p/3]IG:| | 0(QL) k-LIN
HIBKEM; (Fig. 13) | O(aL}®)(|G1|+ [G2]) | O(aL?k)[Ga| (4k +1)[Gi| | O(aL?k) k-LIN
HIBKEM? (Fig. 7) | O(yLEk?)(|G1| + |G2)) O(vLK)|Gs| (4k + 1)|G1 | O(yLk) k-LIN
HIBKEM. (Fig. 14) | O(aL?k2)(|G1| + |Ga|) | (3kp+k+1)[Ga| | 3kp+k+ 1)|G1| | O(aLk) k-LIN
HIBKEM3 (Fig. 11) | O(yLE*)(|G1| +|G2|) | Bkp+k+1)[Gs| | Bkp+k+1)|Gi| | O(vk) k-LIN

Table 1: Comparison of L-level HIBEs with identity-space ZD = ({0,1}%)<% in prime-order pairing
groups. Schemes in gray are new ones from this paper. In particular, HIBKEM;{ is an improvement
of HIBKEM; with collision-resistant hash functions, namely, implementing the generic construction (cf.
Figure 12) with the MAC scheme from Figure 7. Similarly, HIBKEI\/I;[ is an improvement of HIBKEMy
with the MAC scheme from Figure 11. ‘|mpk|’, ‘|usk|” and ¢|C|” stand for the size of master public key,
user secret key and ciphertext. We count the number of group elements in Gy, Go, and Gp. For a scheme
that works in symmetric pairing groups, we write G := G; = Gg. The schemes that work in asymmetric
pairing groups can be instantiated with SXDH=1-LIN. @ is the number of user secret key queries by the
adversary. v is the bit length of the range of a collision-resistant hash functions. In the ‘jusk|” and ‘|C|’
columns p stands for the hierarchy depth of the identity vector.

CORE IDEA. In a nutshell, the technical novelty of our constructions is a new randomization technique
that enables us to randomize user secret keys with flexible identity length. This technique is motivated
by the recent tightly CCA-secure public-key encryption of Gay et al. [GHKW16].

At the core of our constructions lie two new pseudorandom message authentication code (MAC)
schemes for messages with flexible length. Their pseudorandomness can be proven with tight reductions
to the Matrix Decisional Diffie-Hellman (MDDH) assumption [EHK ' 13]. The MDDH assumption is a
generalization of the known standard Diffie-Hellman assumptions, such as the k-linear (k-LIN) assumption.
Our MAC schemes have algebraic structures compatible with the BKP transformation. In the end,
together with a variant of the BKP framework [BKP14], we can tightly randomize user secret keys with
hierarchical identities, and we have tightly secure HIBEs.

A CLOSER LOOK AT THE BKP FRAMEWORK. The BKP framework proposes the notion of affine MACs
and transforms it to an (H)IBE scheme with pairings. Their transformation is tightness-preserving. Under
the MDDH assumption, if the affine MAC is tightly secure, then the (H)IBE is also tightly secure. It is
worth mentioning that the BKP transformation and its variants are widely used in constructing identity-
based encryption [HJP18] with multi-challenge CCA security, predicate encryption [Weeld, CGW15],
quasi-adaptive NIZK [KW15], and structure-preserving signature [KPW15, GHKP18] based on standard,
static assumptions.

We recall their tightly secure MAC, MACyg, based on the Naor-Reingold pseudorandom func-
tion [NRO7], which is implicitly in the Chen-Wee (CW) IBE [CW13] as well. We observe in this
paper that MACyg is tightly secure in the semi-adaptive sense, which implies a tightly semi-adaptively
secure HIBE. For completeness, we provide a detailed proof for that in Appendix A. However, until now,
we do not know any tight security proof for the adaptive security of MACygr. In the following, we give a
more detailed analysis of that.

MACnRr is defined over an additive prime-order group Go := (P,) and its message space is corresponding
to the identity space of the resulting IBE. We use the implicit notation [z]y := xP> from [EHK'13].
MACngr chooses B € ngH)Xk according to the underlying assumption. For message space M := {0,1}%,
its secret key is defined as

o\ &
SkMAC = ((Xi:b)lgiga,bzo,l’xE)) € (Zg 2) X Zq

and its MAC tag contains a message-independent vector [t]s and a message-dependent value [u]s in the



form of
t:ESEZ’; for S&Z’;
u:z_xzmitJr:z:gEZq, (1)

where B denotes the first & rows of B. The BKP transformation requires the MAC scheme has
pseudorandomness against chosen-message attacks (PR-CMA security), which is a decisional variant of
the standard existential unforgeability against chosen-message attacks (EUF-CMA security). In order to
provide a simpler and more intuitive discussion, we consider the standard EUF-CMA security of MACyg,
where an adversary A is allowed to see many MAC tags 7m := ([tm]2, [um]2) on messages m of its choice
and tries to forge a fresh and valid forgery (m*,7*) which satisfies Equation (1).

Following the CW argument [CW13], by a hybrid argument on the bit length of m, one can show that
the value [u]s is pseudorandom such that it is hard for an adversary to forge. By embedding the problem
challenge in t and x;41,1—p, the CW argument can manage to develop the following random function
RF;41 for (i 4+ 1)-bit messages from a random function RF; for i-bit messages on-the-fly:

RFZ(mh) (lf m;+1 = b)

_ , . maa=b) 2)
RF;(m};) +RF;(m;)  (if mjp 1 =1-10)

RFi+1(m|i+1) = {
where b is the guess for the (i 4 1)-th bit of m* and m; is the first 4 bits of m. Such an argument works
well if messages have fixed length. For messages m with fixed length, an adversary can see the output
of either RF; (in Hybrid ) or RF;;; (in Hybrid i 4+ 1), but not both. However, that is not the case for
messages m’ with flexible length.

Concretely, identities for HIBEs are messages with flexible level. If we follow the CW and BKP
arguments, we first need to develop a random function at the 2-level based on that at the 1-level. The
critical case happens when we switch from Hybrid « (namely, the end of randomization at the 1-level) to
Hybrid e + 1 (namely, the beginning of randomization at the 2-level). If we define RF,; (with message
space {0,1}* U {0,1}*"!) via Equation (2) based on random functions RF,, RF., (with message space
{0,1}%), then we have RF,41(m) = RF441(m||b) for a m € {0,1}* and that means the resulting RF,41 is
not a random function for messages with flexible levels.

1.3 Our approach: independent randomization

To circumvent the problem mentioned above, we propose a suitable pseudorandom MAC, which isolates
the tag randomization for messages with different levels. Our strategy is to randomize tags for messages
with only one level first, and then for those with two levels, and so on. By a novel use of the recent
subspace randomization refined from [GHKW16], tags for messages with different levels are randomized
independently.

ArrINE MACs wWITH LEVELS. We consider a new notion of affine MACs, called affine MACs with levels,
and we give two constructions of it. This new notion considers messages with flexible levels and enables us
to develop independent random functions RF,, for messages with only one level (i.e., in {0,1}%), and RF}_,
for messages with only two levels (i.e., in {0,1}2%), and so on. For simplicity, we present an overview
of our technique in terms of 2-level HIBEs (namely, the maximum level of the HIBE, L = 2), namely,
the hierarchical identity space ZD := ({0,1}%)=2. We denote 1-level messages as m € {0,1}* and 2-level
messages as m’ € {0,1}*2.
Our first MAC construction MAC;’s secret keys have the form of

. S k-2\ & k- -2
S|(|\/|AC1 = ((Xi»b)i,w (Xj’b)1§j§2oc,b ,1'6) S (Zq 2) X (Zq 2) X Zq.

The value u in the MAC tags for m € {0,1}* and m’ € {0, 1}** has the form of

[}
. T ’
Uy 1= E X;m, b+ a0y €Zy
i=1

« 2c
. E : T § :AT /
Um! = Xi,m;t —+ vam;t + Z‘O c Zq .
i=1 j=1




Essentially, our MAC first encodes m’ as (m/,...,m[,) and (m/,...,m5 ) and then uses (X;p), ., , for

(mf,...,my) and (Rjp) ;< coq, for (my, ..., ms.,), while the BKP MAC, MACyR, encodes m’ as (m1, ...,
m;,) and (m),,{,...,m, ). However, combining this new encoding method and the BKP randomization
strategy is not enough to achieve our goal.

By a similar argument as in BKP, we can randomize all the uy,, for 1-level messages m and, after the

first level messages randomization, u,, has the form
«
U = Zx;l)—mit + RF,(m),
i=1

namely, we replace x{, with RF,(m), but this affects the u, for 2-level messages m’ as well. More precisely,
um carries the random function RF, and has the form

« 2«
. 2 : T } :AT /
Um! ‘= Xi,mé + Xj,m;. t + RFa(m|a> .
i=1 j=1

If we continue to randomize uy, we will run into the exact same problem as in the CW or BKP
randomization, namely, the output of both RF, and RF,11 will be leaked in Hybrid o + 1.

Motivated by [GHKW16], we hide RF,, in some orthogonal space to solve the above problem. By
switching t into the “right” span, RF, appears in u.,, but gets canceled in u,. Concretely, we choose
B ¢ Z3¥*% and B+ € 732 is a kernel matrix of B such that (B+) B = 0. We replace t <~ Z} with
larger t <& sz . Accordingly, we choose x; 3 and X;; from ng. We embed the random function RF, into
the kernel of B and u, (y € {m, m’}) has the form

uy:=( ~ + RFa(yo)BH)")t+ap,

where “~” denotes corresponding summation terms. During the randomization for 1-level messages, if
we choose t € Span(B) := {v |3s € Z’; (V= Bs} for 2-level messages m’, then RF, will get canceled
out; and if we choose t ¢ Span(B) for 1-level messages m, then RF,, will appear and un, gets randomized.
After the randomization for 1-level messages, uny for 2-level messages m’ is distributed the same as
in Equation (3) so that we can start 2-level randomization from a constant random function RF{(¢)
multiplying with (B+)T, where £ denotes the empty string.

The way of developing RF, (or RFj ., respectively) from RF, (or RF{, respectively) is similar to
[GHKW16]. Roughly, we choose two random matrices Bg, By <& Zg’”k and decompose Zg"' into the span
of B, By, B;. The span of B is decomposed into that of B € ngXk and B} € Zg’”k. An overview of
the orthogonal relations between all these matrices is given in Figure 1. After the decomposition of linear

basis for Span(B+) Bg Bi

basis for Z3 B By B;
Figure 1: Solid lines mean orthogonal: BTB} = B{ B} =0=B'B; = B} B} ¢ Z’;Xk.

spaces, RF;(m;)(B+)T = RFEO)(m”)(BS)T + RFEl)(m‘i)(BT)T. By using the MDDH assumption, we can
switch [t]; to the right span and develop RF;;1(m;11)(B*) T from RF;(m};)(B+)T in a tight fashion.

In order to have public delegation, the user secret keys at level 1 contain delegation terms [)chT’bt]g.
Since our randomization at different levels is isolated, the published terms will not affect our randomization
strategy. Details are given in Section 3.1. In the end, our security reduction loses a factor of O(aL?) due
to L-many randomization loops and the fact that in each loop an additional factor of O(aL) is required.
Applying a variant of the BKP transformation (cf. Section 4), we obtain the first HIBE scheme with
tight security.

ACHIEVING TIGHTER SECURITY. Our second MAC construction (MAC; in Section 3.2) parallelizes the
above randomization strategy and it has a scheme with security loss O(aL). The cost of doing this is to
have different t; at different levels for a message with L levels, which results in an HIBE with O(L)-size
ciphertext via the BKP transformation.



1.4 More related work and open problems

Bader et al. [BHJ'15] use some idea from the BKP HIBE to construct digital signature schemes with
corruptions, but it does not involve any randomization for messages with flexible length, and thus it does
not have the same issue as the BKP.

Very recently, Hofheinz, Jia, and Pan [HJP18] extend the BKP construction with the information-
theoretical Cramer-Shoup-like argument of [GHKW16] to answer multiple challenge ciphertext queries
for IBE. However, we do not think that their technique and the one from [GDCC16] can work in
a straightforward way here to construct tightly multi-challenge secure HIBE. To give more details,
the main idea in [GHKW16, HJP18] is to have the secret keys as matrices instead of vectors in the
BKP construction such that they can create subspaces to answer multiple challenge queries. Since our
randomization technique is quite different from BKP, these subspace creating technique does not work
here. Essentially, the information-theoretic arguments in Lemmata 3.10, 3.11 and 3.14 (for our first MAC)
and Lemmata 3.25 and 3.26 (for our second MAC) will fail in the multi-challenge setting even with larger
secret keys as matrices. Thus, we leave achieving tight multi-challenge security for HIBE as an open
problem.

1.5 Publication Information and Acknowledges

An extended abstract of this work appeared in the proceedings of PKC 2019 [LP19]. Shortly after the
publication, we got invited to submit our full version to the Journal of Cryptology (JoC) based on
the recommendation of the program chairs. We thank all our anonymous reviewers for their valuable
comments.

This paper is the full version of [LP19]. Compared with [LP19], it contains additional contents including
a security proof of our second MAC scheme (cf. Theorem 3.19), our generic HIBKEM construction (cf.
Theorem 4.1), a concrete instantiation of our generic construction based on the SXDH assumption, and a
semi-adaptively secure construction based on the BKP construction (cf. Appendix A). More than 25% of
this version is new compared to [LP19].

In [LP19] the constant factor of the security loss has been understated. In this work this has been
corrected. For details see end of Section 2.1.

2 Preliminaries

NOTATIONS. We use z <& S to denote the process of sampling an element z from S uniformly at random
if S is a set. For positive integers k,n € N; and a matrix A € ngJr")Xk, we denote the upper square
matrix of A by A € Z’;Xk and the lower n rows of A by A € ZZXk . Similarly, for a column vector

v E ij“"’, we denote the upper k elements by v € Z’; and the lower n elements of v by v € Z]. We use

A~T as shorthand for (A’l)—r. For a matrix A € Zy*™, we use Span(A) := {Av|ve ZZ”} to denote
the linear span of A and A+ denotes an arbitrary matrix with Span(A+) = {v | ATv = 0}.

For a set S and n € N;, S™ denotes the set of all n-tuples with components in S. For a string
m € X", m; denotes the i-th component of m (1 <4 < n) and m|; denotes the prefix of length i of m.

Furthermore for a p-tuple of bit strings m € ({0,1}")”, we use [m] to denote the string mi||...||m,.
Thus for 1 < i < np, [m]; denotes the i-th bit of my||...[[m, and [m],, denotes the i-bit-long prefix of
mql|...][m,.

All algorithms in this paper are probabilistic polynomial-time unless we state otherwise. If A is an
algorithm, then we write a <& A(b) to denote the random variable outputted by A on input b.

GAMES. Following [BKP14], we use code-based games to define and prove security. A game G contains
procedures INIT and FINALIZE, and some additional procedures Py, ..., P,, which are defined in pseudo-
code. Initially all variables in a game are undefined (denoted by L), all sets are empty (denote by ),
and all partial maps (denoted by f : A --» B) are totally undefined. An adversary A is executed in
game G (denote by G#4) if it first calls INIT, obtaining its output. Next, it may make arbitrary queries to
P; (according to their specification), again obtaining their output. Finally, it makes one single call to
FINALIZE(-) and stops. We use G* = d to denote that G outputs d after interacting with A, and d is the
output of FINALIZE.



T(A) denotes the running time of A.

2.1 Pairing groups and matrix Diffie-Hellman assumptions

Let GGen be a probabilistic polynomial time (PPT) algorithm that on input 1* returns a description
G := (G1,G2,Gr,q, P1, P2, e) of asymmetric pairing groups where Gy, Ga, G are cyclic groups of order
q for a A-bit prime ¢, P, and P, are generators of G; and Go, respectively, and e : G; X Go is an efficient
computable (non-degenerated) bilinear map. Define Pr := e(Py, P»), which is a generator in Gp. In
this paper, we only consider Type III pairings, where Gy # G2 and there is no efficient homomorphism
between them. All constructions in this paper can be easily instantiated with Type I pairings by setting
G1 = G5 and defining the dimension k to be greater than 1.

We use the implicit representation of group elements as in [EHK"13]. For s € {1,2,T} and a € Z,
define [a]s = aPs € G, as the implicit representation of a in G. Similarly, for a matrix A = (a;;) € Zg*™
we define [A]; as the implicit representation of A in Gs. Span(A) := {Ar|r € Z7'} C Zy denotes the linear
span of A, and similarly Span([A]s) := {[Ars|r € Z'} C G}. Note that it is efficient to compute [ABJ;
given ([A]s,B) or (A, [B],) with matching dimensions. We define [A], o [B], := e([A]1, [B]2) = [AB]r,
which can be efficiently computed given [A], and [B],.

Next we recall the definition of the matrix Diffie-Hellman (MDDH) and related assumptions [EHK " 13].

Definition 2.1 (Matrix distribution). Let k,¢ € N with £ > k. We call Dy, a matriz distribution if it
outputs matrices in Zf;Xk of full rank & in polynomial time.

Without loss of generality, we assume the first k rows of A <& Dy, form an invertible matrix. The
Dy ,-matrix Diffie-Hellman problem is to distinguish the two distributions ([A], [Aw]) and ([A], [u]) where
A é Devk, w (i Z]; and u <i Zg
Definition 2.2 (D -matrix Diffie-Hellman assumption). Let Dy be a matrix distribution and s € {1,

2,T}. We say that the Dy p-matriz Diffie-Hellman (Dg-MDDH) assumption holds relative to GGen in
group G, if for all PPT adversaries A, it holds that

AdVES Y pegen s (A) = [PILA(G, [Als, [Aw],) = 1] — Pr[A(G, [A],, [uls) = 1]]

is negligible where the probability is taken over G <= GGen(1}), A <& Dy, w < Z’; and u & Zf;.

The uniform distribution is a particular matrix distribution that deserves special attention, as an
adversary breaking the Uy assumption can also distinguish between real MDDH tuples and random
tuples for all other possible matrix distributions. For uniform distributions, they stated in [GHKW16]
that Ui-MDDH and U ,-MDDH assumptions are equivalent.

Definition 2.3 (Uniform distribution). Let k,£ € Ny with £ > k. We call Uy i, a uniform distribution if
it outputs uniformly random matrices in Zng of rank k in polynomial time. Let Uy, := U1 -

Lemma 2.4 (U ,-MDDH & U,-MDDH [GHKW16)). Let ¢,k € Ny with £ > k. An Uy ,-MDDH instance
is as hard as an U,-MDDH instance. More precisely, for each adversary A there exists an adversary B
and vice versa with

AdVgZiﬁPGGen,s('A) = Adv;:,deGGen,s(B)
and T(A) = T(B).
Lemma 2.5 (Dy -MDDH = U;,-MDDH [EHK"13]). Let ¢,k € Ny with ¢ > k and let Dy, be a matriz

distribution. A U,-MDDH instance is at least as hard as an D,y instance. More precisely, for each
adversary A there exists an adversary B with

AdVES?FbGGen,s(A) < AdVgiih,PGGen,s(B)
and T(A) = T(B).

For Q € N, W & Z’;XQ, U & Zf;XQ, consider the @-fold Dy ,-MDDH problem which is distinguishing
the distributions ([A],[AW]) and ([A],[U]). That is, the Q-fold D;;-MDDH problem contains @
independent instances of the Dy ;-MDDH problem (with the same A but different w;). By a hybrid
argument, one can show that the two problems are equivalent, where the reduction loses a factor Q. The
following lemma gives a tight reduction.



Lemma 2.6 (Random self-reducibility [EHK13]). For ¢ > k and any matriz distribution Dy, the
Dy ,-MDDH assumption is random self-reducible. In particular, for any Q@ > 1 and any adversary A there
exists an adversary B with

1 -m \%Y
(£ = WAV pcen,s(A) + -— 2 AVE T bGen, o (B) = | PrIB(G, (AL [AW] = 1)
- Pr(B(G. [A],[U] = 1),

where G < GGen(1*), A <& Dy, W & ZEXQ U & Z((IkH)XQ, and T(B) = T(A) + Q - poly(\) for a
polynomial poly independent of A.

In [LP19] we mistakenly assumed that the Q-fold Uy ,-MDDH assumption is tightly equivalent to the
Q-fold U-MDDH assumption. However, Lemma 2.4 is only applicable for standard MDDH, not for Q-fold
MDDH. So when reducing @-fold Uy -MDDH to U,-MDDH we have to apply Lemma 2.6 to get from
Q-fold Uy ,--MDDH to standard U ,-MDDH and then Lemma 2.4 to get from U, ,-MDDH to U,-MDDH.
Thus for every adversary A there exists an adversary B with

A, 8 o(A) < (€= VA B o (B) +
In our previous publication [LP19] (and various other publications, e.g. [GHKW16]) the factor ¢ — k
is missing, because we mistakenly applied Lemma 2.4 to Q-fold MDDH instances. However, the proof
of Lemma 2.4 given in [GHKWI16] fails here: Suppose (PG, [A],[U]) is a uniform Q-fold ,-MDDH
instance, then (PG, [T'A], [T'U]) (for uniformly random full-rank T’ € ng(kﬂ)) is not a uniform Q-fold
Up ,-MDDH instance. The U,-MDDH instance contains (Q + k)(k + 1) random elements (from Z,), so
the transformed instance contains at most (Q + ¢ + k)(k + 1) random elements. However, a uniform
Q-fold U, ,-MDDH instance requires (Q + k)¢ random elements.

2.2 Hierarchical identity-based key encapsulation

We recall syntax and security of a hierarchical identity-based key encapsulation mechanism (HIBKEM).
We only consider HIBKEM in this paper. By adapting the transformation for public-key encryption in
[HKO07] to the HIBE setting, one can easily prove that every HIBKEM can be transformed (tightly) into
an HIBE scheme with a (one-time secure) symmetric cipher.

Definition 2.7 (Hierarchical identity-based key encapsulation mechanism). A hierarchical identity-
based key encapsulation mechanism (HIBKEM) HIBKEM consists of five polynomial time algorithms
HIBKEM := (Gen, Del, Ext, Enc, Dec) with the following properties.

e The probabilistic key generation algorithm Gen(1*) returns the (master) public/delegation/secret
key (pk, dk, sk). Note that for some constructions dk is empty. We assume that pk implicitly defines
a hierarchical identity space ZD = S<!, for some base identity set S, a key space K and a ciphertext
space C.

e The probabilistic user secret key generation algorithm Ext(sk, id) returns a secret key usk|id] and a
delegation key udk(id] for a hierarchical identity id € ZD. Note that for some constructions udk|id]
is empty.

e The probabilistic key delegation algorithm Del(dk, usklid], udk(id], id € SP,id,+1 € S) returns a user
secret key usk([id|id,+1] for the hierarchical identity id" = id | id,11 € SP*! and the user delegation
key udklid']. We require 1 < |id| < L — 1.

e The probabilistic encapsulation algorithm Enc(pk,id) returns a symmetric key K € K together with
a ciphertext C with respect to the hierarchical identity id € ZD.

e The deterministic decapsulation algorithm Dec(usk][id], id, C) returns a decapsulated key K € K or
the reject symbol L.

In the HIBKEM definition we make the delegation key dk explicit to make our constructions more
readable.

Definition 2.8 (Delegation Invariance). An HIBKEM HIBKEM := (Gen, Del, Ext, Enc, Dec) is delegation
invariant, if the distribution of usk[id|id, 1] generated by Del(usk[id], udk]id], id,id,1) for any valid user
secret key usk(id], udk[id] for id is independent of usk[id], udk[id] and identical to the distribution of keys
generated by Ext(sk,id|idpt+1).



INIT: Enc(id*): //one query
(pk, sk, dk) <& Gen(X) (K*, C*) < Enc(pk,id*)
return (pk, dk)

return (K*, C*)
ExT(id):

Qzp + Qzp U {id} FINALIZE(S € {0, 1}):
return (usk[id], udk[id]) <& Ext(sk, id) )
return (Prefix(id*) N Qzp =0 A 8

Figure 2: Games IND-HID-CPA,e, and ‘ IND-HID-CPA a4 | for defining IND-HID-CPA security. For any
identity id € SP, Prefix(id) denotes the set of all prefixes of id.

We focus in this paper only on HIBKEM schemes with delegation invariance. The following definitions
of correctness and security are only suitable for delegation invariant schemes. For general HIBKEMs, a
more involved definition that takes the Del algorithm into account is necessary (see [SWO08]).

Definition 2.9 (Correctness). A delegation invariant HIBKEM HIBKEM := (Gen, Del, Ext, Enc, Dec) is
correct, if for all A € Ny, all pairs (pk,sk) generated by Gen()), all id € ZD, all usk[id] generated by
Ext(sk,id) and all (K, ¢) generated by Enc(pk, id):

Pr[Dec(usk[id], id, C) = K] = 1.

We define indistinguishability (IND-HID-CPA) against adaptively chosen identity and plaintext attacks
for a HIBKEM via games IND-HID-CPA ¢, and IND-HID-CPA,,,4 from Figure 2.

Definition 2.10 (IND-HID-CPA security). A hierarchical identity-based key encapsulation scheme
HIBKEM is IND-HID-CPA-secure if for all PPT A,

AdviTeERidcpa( Ay .— | Pr[IND-HID-CPAZ, = 1] — Pr[IND-HID-CPAZ 4|

real rand

is negligible.

2.3 Collision resistant hash functions
Some constructions in this paper make use of collision resistant hash functions.

Definition 2.11 (Hash function). A family of hash functions is a tuple H := (HGen, HEval) of polynomial
time algorithms with:
e HGen is a probabilistic algorithm that gets the security parameter 1* and returns a (public) hash
key K.
e HEval is a deterministic algorithm that gets a hash key K and an input X € Dg and outputs a
hash HEvalg (X) € Rk, where Dk is the domain set and R is the finite range set.

The security notion we require for the hash functions is collision resistance.

Definition 2.12 (Collision resistance). A family of hash functions H := (HGen, HEval) is collision-
resistant if for all PPT adversaries A,

Adv;(A) := Pr[X; # X5 A HEvalg (K, X1) = HEvalg (K, X5) | (X1, X3) <& A(1*, K), K < HGen(1%)]

is negligible in .

3 Affine MAC with levels

The core of our HIBE constructions is a Message Authentication Code with suitable algebraic structures,
and we call it affine MAC with levels. This is a generalization of the delegatable, affine MAC used in
[BKP14], namely, a delegatable, affine MAC is affine MAC with levels with £(p) =1 for all p € {1,...L}.



INIT: CHAL(m* € 8P): // one query
skmac <= Genmac(G2, ¢, %) h & Z,
Parse skmac =: (B, (Xlaivj)1SZSZ(L)71§i§L71SjS¢’(l;i)’xé) for 1€ {L....0(p)} do

L ¢,
ho = (> X fl,i,j(m‘*i)xl,i,j h

dk := B
qxl’” }2)1glgé(L),1§i§L,1§j§€’(l,i)
return ([B],,dk) =zl hel
= q

EvAL(m € SP):
Om = Opm U {m} return ([h]l, ([ho],)
(([tl]z)glge@)a [U]z) ¢ Tag(sk, m)
for I € {1,....00p)}, i € {p+1,...,L}, j € {1,... | FNaLze(g € {0,1}):
(i)} do dy gy = Xl—,rz‘,jtl return S A (Prefix(m*) N Qg 29

i=1 j=1

1<I<(p)’ [hl]T)

return <([tl]2)1gzgz(p)’ [u],, tdk)

Figure 3: Games HPRy-CMA a1, and | HPRy-CMA .4 | for defining HPRy-CMA security for affine MACs

with levels.

Definition 3.1 (Affine MAC with levels). An affine MAC with levels MAC consists of three PPT
algorithms (Genmac, Tag, Vermac) with the following properties:
o Genyac(Ga,q, P2) gets a description of a prime-order group (Gao, g, P2) and returns a secret key

ie{l,...,L},and j € {0,...,0(l,7)} and z{, € Z,.
o Tag(skmac, m € SP<L) returns a tag 7 := (([tl]2)1<l<£(p)’ [ub) where

t;:=Bs; fors; ¢ ZZ/ (1<1<4p))

£(p) (L9
= Z fl,w(m‘i)x;i’j t 4+ . (4)

1=1 \i=1 j=1

e Verpac(skmac, m, 7 = ([t],, [u],)) checks, whether Equation (4) holds.

The messages of MAC have the form m = (my,...,m,) where p < L and m; € S. After the transformation
to an HIBE, § will be the base set of the identity space and L will be the maximum number of
levels. The functions f;; ; : S' — Z, must be public, efficiently computable functions. The parameters
¢:{l,....p} - Ny, n,n € Ny and ¢ : {1,...,p} x{1,...,L} - Ny (1 < i < L) are arbitrary,
scheme-depending parameters. The function £ must be monotonous increasing.

SECURITY. We require hierarchical pseudorandomness against chosen-message attacks (HPRy-CMA-
security) for affine MACs with levels. This is a generalization of the HPRy-CMA-security for delegatable
affine MACs defined in [BKP14].The security is defined by games in Figure 3.

Definition 3.2 (HPRy-CMA security). An affine MAC with levels is HPRg-CMA-secure in G if for all
PPT adversaries A the function

AdVITAE R (A) = [Pr[HPRo-CMAZ,

= 1} —Pr [HPRO-CMAA .= 1”

ran

is negligible.

3.1 The first construction

Let (Ga, ¢, P2) be a group of prime order ¢g. The first affine MAC with levels MAC; [Usy, k] := (Genmac, Tag,
Vermac) with message space ID = S := ({0,1}%)=! is defined in Figure 4. The identity vectors

10



GenMAc(Gg,q, PQ)Z

B(iuyc,k

forie {1,...,L}, j€{l,...,ia}, b€ {0,1} do x;; & Z3*
/.8

Lo (-Zq

SIS L1595

S L1

s <& 7k t:=Bs
. P i T /
U= ( i=1 Z]’:l Xi,j,[[m]]j>t + %o

return 7 := ([t]Q, [u]z)

Vermac (SkMAc, m &€ Sp, 7'):

Parse skmac =: (B7 (xiijb)1§i§L,1§j§ia,bE{0,1}7 x{,)
Parse m =: (my,...,m,
Parse 7 =: ([t]27 [u]Q)

- .
_ P 2o T /
return u = < i1 > =1 Xi,j,[m]]j)t + g

Figure 4: The first affine MAC.

bit-length o and the maximum length L of the identity vectors can be chosen freely.®> The resulting HIBE
from this MAC has constant ciphertext length.

MAC; [Us k] has n := 3k and n’ := k where k € N can be chosen arbitrary. To match the formal
definition, x; ;, should be renamed to X; ;5 and f;2; 4(m;) := ([[m”]]j z b). Then we get £(p) =1
and ¢'(1,4) = 2ic.

Theorem 3.3 (Security of MAC;[Usy x]). MAC[Usy k] s tightly HPRo-CMA secure in Go under the

U-MDDH assumption for Go. More precisely, for all adversaries A there exists an adversary B with

Ala+ 1)L +4al? | 2Q

q—1 e

hpr- m
Advyiac e ol (A) < (8k(c + 1)L + 8kaL?) Advy)* Been2(B) +
and T(B) = T(A)+Q-poly(\), where @ denotes the number of EVAL queries of A and poly is a polynomial
independent of A.

Proof. The proof uses a hybrid argument with the hybrids Gy (the HPRyp-CMAea game), Gy, for i € {1,...
ooy LY Gago, Gty Gojzg for j € {0,... ia}, Gog251-Gaizj3 for j € {0,...,ia — 1}, Gai3, G214,
Gs,; 5 and finally Gs. The hybrids are given in Figure 5 and 6. A summary can be found in Table 2. They
make use of random functions RF; ; : {0,1}7 — Z1** RF®) : {0,1}) — ZL<* and RF{) : {0,1}7 — Z17*,
defined on-the-fly.

Lemma 3.4 (Gy ~ Gy).
Pr[Ggl = 1] =Pr [G“f‘ = 1]

Proof. In game G; each time the adversary queries a tag for a message m where he queried a tag for m
before, the adversary will get a rerandomized version of the first tag he queried. The rerandomized tag is
identically distributed to a fresh tag: t' := t + Bs’ is uniformly random in Span(B), when s’ is uniform

random in ZZ, Together with v/ :=u+>_"_, (Z;‘il xzj’[[mﬂst'> we get a valid message tag for m, when
([t]5, [uly) is a valid tag for m.
Note that the rerandomization uses only the “public key” returned by the INIT oracle, so it could

actually be carried out by the adversary herself. To put it in a nutshell, repeated EVAL queries for a

3A different bit-length on each level is possible as well, but we assume it is o on each level to ease notation.
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\ \
Go| G11Gas0i Gojin G2,5,4 Gais 1]|Gs

INIT: EvAL(m € SP):

g . . if m € Qo then
for i € {1,... ,kL}, jef{l,...,ia}, be {0,1} | return RerandTag(m, K (m))

x() <& Zg Q/Xl ::k Om U {m}
K:S<L __, ngH nga(L2+L) S ¢ Zg; t:=Bs |
dk_([XT B} ifp:ithel’lt(izgké
ST 2>1<'<L 1<j<ia,be{0,1} ; '
s L, 15X s . D 1 T 2
return ([B],,dk) “7—7(771'7:17§i:71fi,j,[[m]]j)t +Zo
qu<ithenu<iZ;
CHAL(m* € §P): // one query L il
h & 7, if p =17 then u <> Z,
h = (Zz‘Lzl 2311 Xi,j,[[m*ﬂj>h u < Z,

forie{p+1,....L}, j €{1,...,ia}, b€ {0,1}

-
if p > then hg = h0+BlRFm(mT) @ do ds 1y e Tt
i,5,b = Xy 4

L i
hy =g h tdk := ([divjvb}2)p+1§i§L,1§j§ia,be{0,1}
hy & Z, K(m) = ([t],, [u],, tdk)

return ([h],, [hol, [h1]) return K(m

) RerandTag(m € 8P, 7):
FiNaLIzE(S € {0,1}): Parse © —: ([t],, [u],, tdk)

return Prefix(m*) N Q. Zon 8 Parse tdk =: ([d; ;s],)
s’ & Z];; t' :=t + Bs’
ui=u4 Y (Zzil XIj,[mﬂstl>

fori e {p+1,...,L}, je{l,...,ia}, b e {0,1}
do d/’7j,b = di,j,b + ij)bBS/

7

ek’ = ([d,

pHL<ISL 1<) <ia,be{0,1}

2)p+1§iSL,1§jSi%b€{071}
return ([t'],, [v],, tdk’)

Figure 5: Hybrids for the security proof of MAC; [Usy, ;]. The algorithm RerandTag is only helper function
and not an oracle for the adversary. The partial map K is initially totally undefined.
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Hybrid t uniform in ‘ 7y (M) The (M) ‘ Transition

Go Span(B) 0 Original game
Gy Span(B) 0 Identical
G2,i0 Span(B) 0 Identical
Ga,i1 z3¥ 0 Uy,-MDDH
G2,3,2,9,0 ng RF@j([[m]]m) (BL)T Identical
T
Ga2.1 RF;([ml};) (B) Uy-MDDH
. (0) T
G2,3,2,5,2 l‘fg[[m]]{ﬁﬁ; ? then <RFm+l ([[m]]m_l) ) Identical
0250, pan 0 (1) w\T
else + RFi,j ([[m]]“) (B1) )
Span(B|B1) 0 wxT
. (RFg,j)H ([[m]]\jH) (B) .
G2,0,2,5,3 M e Identical
+ RFi,jJrl ([[m]]|j+1>(B1) )
T
G2,7,2,541,0 Z3¥ RF; 541 ([[m]]|5+1) (B+) Ur-MDDH
Ga,i3 Z3¥ uniform random | RF;(mj;) (BL)T Statistically close
Goi,4 ng uniform random 0 Identical
Gais Span(B) uniform random 0 U,-MDDH
Gs Span(B) uniform random 0 Statistically close

Table 2: Summary of the hybrids in Figure 5 and 6. Non-duplicated EVAL queries with p = 7 draw t
from the set described by the second column and add the randomness r,,(m)t to u or choose u uniform
random. The CHAL query adds the term rho(m*)Th to hg if m* has length > i. The column “Transition”
displays how we can switch to this hybrid from the previous one. The background colors indicate repeated
transitions.

message m will leak no information, that is not already leaked by the first EVAL query for m or by the
“public key”.* O

Lemma 3.5 (Gl ~ G27170).
Pr[Gf =1] = Pr[G“Q‘l,LO =1]

Proof. These two games are equivalent. O
Lemma 3.6 (Gg;0 ~ Go;1). Foralli € {1,...,L} and all adversaries A there exists an adversary B
with 1

|Pr[Gsli o = 1] — Pr[Gsl, = 1]| < 2kAdV)*Bgena(B) + =1

and T(B) =~ T(A) + Q - poly(X).

Proof. These two games are equivalent except that in EVAL-queries with p = 7 the value t is chosen
uniformly random from Span(B) in Gz ;¢ and uniformly random from ng in game Gg ;1. Since for all
computed values it is enough to have [B], instead of B, this leads to a straightforward reduction to
the @-fold Usy -MDDH assumption. Remember that by Lemma 2.4, the Usy ,-MDDH assumption is
equivalent to the Ui-MDDH assumption.

The running time of B is dominated by the running time of A plus some (polynomial) overhead that
is independent of T'(A) for the group operations in each oracle query. O

4The same technique can be used to prove the IBE of [BKP14] secure with duplicated EvAL-queries. Thus they work
without a pseudorandom function.
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Lemma 3.7 (Ga;1 ~ Gas.3). For all adversaries A there exists an adversary B with

4 +Qi
q—1 ¢’

|Pr[Gsly = 1] — Pr[Gsl 5 = 1]| < 8kiaAdv]} Becen2(B) +

k

where Q; denotes the number of EVAL queries with p =1 and T(B) = T(A) + Q - poly()).

Proof. To prove this transition, we introduce new hybrids Gz ; 2 5.0 for j € {0, ..., %a} and Gz ;2.51-G24,2.5.3
for 5 € {0,...,2%a — 1}. The hybrids are given in Figure 6.
Lemma 3.7 follows directly from Lemma 3.8-3.13. O

Lemma 3.8 (G2;1 ~ G2,1,2,0,0)-
Pr(Gy; ) = 1] = Pr[Gy 500 = 1]

Proof. These two games are equivalent. When changing in Gy ;1 the secret values x; 1, to X1, +
BJ-(RF@O(S))T (for b € {0,1}), we get game Go;2.0,0. The distribution of x; 15, and x;.1p —Q-BJ‘(RF@O(E))T
is identical. Note that the term BJ‘(RF@O({-:))T cancels out in the master public key and in the user

delegation keys of EvAL-queries with p < 3. O
Lemma 3.9 (G2;250 ~ G24251). Forallje{0,...,ia} and all adversaries A there exists an adversary
B with 5

|Pr[Gslin 0 = 1] = Pr[Gsi 0,1 = 1]] < 4kAdV] Bocen 2 (B) + =1

and T(B) =~ T(A) + Q - poly(}).

Proof. These two games are equivalent except that the value t is generated uniformly random from ng in
game Gy ;2 50 and from either Span(B|Bg) or Span(B|B;) depending on the bit [[m]]jJr1 in game Gg;.2.5,1-
We can switch from Gg ;250 to G2 ;251 with two Q-fold Usy ,-MDDH challenges. Remember that the
Usi, ,-MDDH assumption is equivalent to the U,-MDDH assumption by Lemma 2.4.

To achieve that, we first switch t for [[m]]jJrl = 0 from a random vector in ng tot := Bs; + s9

where s; < Z’; and sy <& ng. This change is only conceptual. Then we change ss from a random
vector in ng to a random vector in the span of By via the MDDH assumption. More precisely, let
(Boly, [Z],) € G359 be a Q-fold Usy,,-MDDH challenge. For the i-th EVAL query with [m],,, =0,
the reduction B computes [t], := [Bsy + Z[i]],, where s; <= Z¥ and Z[i] is the i-th column vector of Z.
To ensure that the column vectors of (B|Bg|B;) form a basis of Z3*, the reduction chooses B,
B <& Usy,  such that (B|B;) has rank 2k and checks whether the kernels of B and (B/B;)" are disjoint.
This is equivalent to (B|Bg|B1) forming a basis of sz and can be done over the group by testing for all

column vectors b of (B\Bl)J‘ whether B b # 0. By generating new matrices B, By <= Usy, ; until this is
satisfied, we can ensure that B, Bg, B; is a basis of ng.

If Z is uniform, B simulates the game Gy ;9 ;0. If Z is from Span(Bg) then B simulates the game
Ga,i,2,5,1 for messages with [m],,, = 0.

By using the same argument, we can switch t for [m] 1 =1 from a random vector in ng to a random
vector in Span(B|By).

The running time of B is dominated by the running time of .4 plus some (polynomial) overhead that
is independent of T'(.A) for the group operations in each oracle query. O

Lemma 3.10 (G2,572,j71 ~ G2’2727j72).

Pr [Géi,z,m = 1] =Pr [Géi,Z,j,z = 1]

Proof. First of all, we replace in game Gg ;2 ;1 the term RFi_j([[m]]‘j) (BJ-)T with RFg)j) ([[m]]lj> (BE‘;)T +
RFS]) ([m]}lj) (B7)". This does not change the distribution, since B;,Bj is a basis for Span(B*).
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Iner: EVAL(skmac, m € SP):
B|B,,B *B*@U if m € Q¢ then
. ok | return RerandTag(m, K(m))
with the constralns Qui = Qpi U fm)
e B, By, B, is a basis for Z3* MM
A . n s<=Zg; t:=Bs
e B}, Bj is a basis for Span(B*) if »— 7 then
e B/B;=B/Bi=0 P
& 7
forie {1,...,L}, j€{1,...,ia}, b€ {0,1} do 4
Xi,j,b & ng s < ng
x( <& Zg if [m].,, =0 then
K- SSL __y @ikt gSe(L?+L) [t := (B[Bo)s
2 2 else
(1 (78] o
returh <[ J2 Xisjob 2/ 1<i<L,1<j<ia,be{0,1} 1t := (BIBy)
CHAL(m* € §P): // one query if p < i then
|u<*Z
h & 2, v 2
io else
ho =377 200 Xi,j,[m*], 1 . y
if p > 7 then u: ( L1 X X e, )”10
}rlojf,hQ ,,,,,,, T if p =1 then
+BLRF (Im]) A B .
””i fffff g | +RFu([[mﬂ ;) (B
i T N |
B;RF( ([[m ] ) (0) T
AR | Lyl e |+ (REO (w0 ) (BE)
IAVRERE 1 T\, |
+BiRFL) (Im7]) )h +RFL (Im],) B )¢
i © T ‘
( BiRF(), | ([m*] )T + (RFC (Imly54n ) (B5)
2,7+1 |7+1 "
RED (11 ) +RE . (Il 00 ) (B )
+BIRF,  (Im*T 41 ) )h v
T —
+BJ-RFi_j(mr€) h forie {p+1,...,L}, j€{l,... ia}, be {0,1}
L do d; jp =%t
hy =4 h tdk = ([d va] )p+1§i§L,1§j§ia,be{O,1}
return ([h],, [hol, [h1]) K(m) := ([t]y, [u],, tdk)
return K(m)
FiNaLIZE(S € {0,1}):
return Prefix(m*) N Q ZoA B

Figure 6: Hybrids for the transition from Gg ;1 to Gz ;3. The algorithm RerandTag is defined in Figure 5.
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We define

RF ([m] if [m),,; =0
RF'EO])-FI([[m]]U+1) = Eg) bl [l
RF ([m] ;) + RF.® ([[m]]lj) it [m],,, =
where RFA 5 {0, 1}J ZéXk is another independent random function. Since RF;OJ) does not appear in

0y . .
game GQ,Z’Q,]72 anymore, RFMJrl is a random function.
EVAL queries with p # 7 use the same code in both games and EVAL queries with p = 7 and [m]

are distributed identically in both games, by definition of RF( )+1

EVAL queries with p =7 and [m],,, = 1 are distributed 1dent1cally in both games, since for those

queries t € Span(B|B1) and both B and B; are orthogonal to B and thus RFZ(OJJrl ([[m]]thl)(B*) =0.

The CHAL query uses the same code if p <7 and otherwise it is distributed identically if [m*],,, = 0.

1 =0

For the case [[m*]]j_H = 1 note that x; ;11,1 is identically distributed as x; ;11,1 + Biw for w < Z’; and
w is hidden from the adversary except for the CHAL query: In all EVAL queries with p # % only x; ;41,1 B
is used and thus the Bfj-part cancels out. In the EVAL queries with p = 7 there is either [[m]]j+1 =0
which means that x; ;41,1 is not used to compute the tag or there is [m] 1 =1 which means that
t € Span(B|B;) and thus the B{j -part of x; ;41,1 cancels out. All in all this means that the value hy is
the only one in the game that depends on w and thus the B{-part of hg is uniformly random to the
adversary. Especially hg is distributed identically in both games. O

Lemma 3.11 (G2,5727j72 ~ G27{727j 3).
Pr(Ggl 50 = 1] = Pr[Glli5 ;5 = 1]
Proof. We define

R (Im];) +RFS () if [, =

REY ([m]...) ==
u+1<[[ H\J+1) RF%) [[m]]lj if [m]

j+1:1

where RFI : {0, 1} — Zy** is another independent random function. Since RF( ) in not used in game

G2,1,2.5,3 RF( )+1 is a random function.
The argument that the games Go ;252 and Gg; 2 ;3 are identically distributed, is the same as in
Lemma 3.10, just with the roles of 0 and 1 swapped. O

Lemma 3.12 (G2 253 ~ G2,i,2,5+1,0)- For all adversaries A there exists an adversary B with

2
Pr[Gslio s = 1] — Pr[Gsl ;1 = 1]| < 4kAdV Pocen2(B) + =1
and T(B) = T(A) + Q - poly(}).

Proof. In game Gg; 2 53, replace the term RFg)j)Jrl ([[m]]‘jﬂ)(B*) + RFl 1 ([[m]]‘jJrl)(Bl) with
RF@j([[m]]lj) (BL)T to avoid computing Bf; and B7. This does not change the distribution, since B, B}

is a basis for Span(BJ—). The remaining transition is the reverse of Lemma 3.9. O
Lemma 3.13 (G2;2a,0 ~ G2,,3). Let Q; denote the number of EVAL queries with p = 1.

QZ

‘Pr[Gém,m,o = 1] —Pr [G2 i3 = 1]] <

Proof. In game Gg; 20,0 the CHAL-query evaluates RF; ;o only for the input value mj||...||m} (if p > 7,
otherwise it does not use RF; ;. at all). Assume Prefix(m*) N Q¢ = 0, otherwise the adversary has lost
the game anyway. In each EVAL query with p = 7 the value RFMa(m)(BJ-)Tt is part of u. This is the
only place where RF; ;o (m) is used, since only the first EVAL query for each message evaluates the random
function. Thus each query outputs a uniformly random value for u when t ¢ Span(B), which happens
with probability > 1 —1/ (qzk). In this case the games are distributed identically. O
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Lemma 3.14 (Ggﬁi’g ~ G2’5,4).
Pr [Gﬁi)3 = 1] =Pr [Gﬁi)4 = 1]

Proof. The games execute the same code if p < 7 and otherwise we can argue that x; 1 [m+], and

Xi1,[m*], — BJ-(RF@,m(m*))T are identical distributed. All EVAL queries and the “public key” returned
by INIT make only use of x; 1, [m+], B, so the BL(RF@M(-))T part cancels out. O

Lemma 3.15 (Go ;4 ~ Ga;5). For all adversaries A there exists an adversary B with

|Pr[Gs' 4 = 1] — Pr[Gsl, 5 = 1]| < 2kAdV]*Bgeno(B) + q_%
and T(B) = T(A) + Q - poly(A).
Proof. The transition is the reverse of Lemma 3.6. O
Lemma 3.16 (Ga;5 ~~ Gait1,0). Fori<L
Pr[Gy, 5 = 1] = Pr[Gsi 0 = 1].
Proof. These two games are equivalent. O

Lemma 3.17 (Gg 15 ~> G3).
Pr [G“Q“’L5 = 1] = Pr[G? = 1]

Proof. In game Gg 1,5 the value xj is only used to compute hi, thus hy is a uniform random value to A
and the games are distributed identical. O

SUMMARY. To prove Theorem 3.3, we combine Lemmas 3.4-3.17 to change hy from real to random and
then apply all Lemmas in reverse order to get to the HPRy-CMA .4 game. O

OPTIMIZATION. MAC; [Usy, ;] can be improved with a collision-resistant hash function. In MAC; [Usy, x|
in a tag for m we add to the value u for the i-th level Zj fi (m‘i)x;r. The idea is to replace this by

Zj £ (H(mh))ij for a collision resistant hash function H.

Formally, we need a family of hash functions H := (HGen, HEval) with domain S<X and range {0,1}"
for all hash keys. The affine MAC MACH [ty ] is shown in Figure 7.

Theorem 3.18 (Security of MAC} [Us, 1]). MACH [Usy ] is tightly HPRo-CMA secure in Gy when H
1s collision resistant and the Up-MDDH assumption holds for Go. More precisely, for all adversaries A
there exist adversaries B and C with

4L(1 4 27)
q—1

and T(B) =~ T(A) 4+ Q - poly(\) and T(C) = T(A) + Q - poly()\), where Q denotes the number of EVAL
queries of A and poly is a polynomial independent of A.

2Q

Adv/Prozcne (A) < (SKL(1 + 27))Adv] P gen(B) + s

MACH [Usy 1], Ga + 2LAdv5(C) +

We omit the proof of this theorem, since it is very similar to the proof of Theorem 3.3. The main
idea is rather standard: We use the collision resistance of H to reject the collision and then we apply the
hybrid argument on the hash output.

3.2 The second construction

Let (G2,q,P2) be a group of prime order g. The second affine MAC with levels MAC;[Usy k] =
(Genwmac, Tag, Vermac) with message space ID := SSL := ({0,1}*)=L is defined in Figure 8. The identity
vectors bit-length o and the maximum length L of the identity vectors can be chosen freely. The difference
to the first construction is that this MAC uses a different t; on each level (¢(p) = p) and thus needs no
delegation keys. This leads to shorter user secret keys and allows a more efficient reduction. However, this
comes at the price of larger ciphertexts. Formally, this MAC uses ¢'(I,4) = 0 for i < p and ¢'(1,1) = 2i«
for i = p.
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GenMAc(G2,q, PQ):

K <& HGen(1%)

B @Umﬁk

foric{1,...,L}, j€{l,...,7}, b€ {0,1} do x;;,, & Z3F
xy & Zg

Tag(skmac, m € SP):

. !
Parse skuac =: (B, (Xfwﬂ'vb)19§L,1Sjs%be{o,1}’xO’K)
s<& 72 t:=Bs

o p Y T /
U= i=1 22j=1 %4 j Hewalge (m);) . )t %0
J

return 7 := ([t],, [u],)

Vermac (SkMAc, m &€ Sp, ’7'):

. !
Parse skuac = (B, (xivivb)1§i§L,1§jsw,be{o,1}’xO’K)

Parse m =: (my,...,mp)
Parse T =: ([t]27 [u]z)

LS S T ¢
return u = ( i=1 2uj=1 Xi,j,HEvalK(mi)j>t + %o

Figure 7: The first affine MAC improved with a hash function.

GenMAc(Gg,q, PQ):

B <iu3k,k

forie {1,...,L}, j€{l,...,ia}, b€ {0,1} do x; ; & Z3*
xy & 7,

pa— .o /
return skmac := (B, (XZ»J»b)1§1§L,1§j§ia,b€{0,1}7‘TO)

Tag(skMAc, m € Sp):

for i€ {1,...,p} dos; < ZF; t; :=Bs;
. P i T ’
U= 2 =1 (Zj:l Xz‘,j,[[m]]j)ti + xo

return (([ti]z)lgigp’ [u]2)

Vermac(skmac, m € S, 7):

— P !
Parse skmac =: (B, (Xz,g,b)1§¢§L,1§j§ia,be{0,1}7 xo)
Parse m =: (m1,...,my)

Parse 7 =: (([ti]z)lgz‘gp’[ub)

R )
- P (o3 T X /
return u = i1 ( g =1 Xi,]-,[[m]]j)tz + xq

Figure 8: The second affine MAC with levels.
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Hybrid t; uniform in ‘ 7 (M, 7) ‘ The (M, 1) ‘ Transition

Go Span(B) 0 Original game
G; Span(B) 0 Identical
Go Z3¥ 0 Uy,-MDDH
U .
G zZ3 RF5 (I maxria} ) (B) Identical
T
Ga,j1 RFi,j([[m]]lmax{j’m}) (BY) U;,-MDDH
if [m],,, = 0 then RE (M) et 1501 ) (BE)
Gs 5,2 \SpangB|Bo) o ( RF‘(l)a b Ja}) BT Identical
else +RF; S ([[m]]|max{j,ia}>( 1)
[Span(BIB:) o =
Gsos RF; 41 ([[m]]\ max{j+1,ia}> (Bj) Identical
3]s 1) *\ 1
+ RFZ(',]*H (ﬂm]h max{j—l—l,ia}) (B1)
T
G3aj+1 ng RFiaj‘i‘l ([[m]]| max{j+l,ia}) (BJ_) Uy-MDDH
Ga ng unif. random ‘ RFi,ioz(mh') (Bl)T Statistically close

Table 3: Summary of the hybrids in Figure 9 and 10. Non-duplicated EVAL queries draw t; from the
set described by the second column and add the randomness > -7 r,(m,)t; to u or choose u uniform
random. The CHAL query adds the term rn,(m*,i)h to each hg,;. The background color indicates
repeated transitions.

Theorem 3.19 (Security of MAC,[Usy k]). MACa[Usy k] is tightly HPRo-CMA secure in Go under the
U-MDDH assumption for Go. More precisely, for all adversaries A there exists an adversary B with

2+ 8kal 2Q

2k

hprg- m
Ade‘,’;g[;zk’k]& (A) < (4k + 16kaL)Advi;* Pocen 2 (B) + -1 p

and T(B) = T(A)+Q-poly(\), where @ denotes the number of EVAL queries of A and poly is a polynomial
independent of A.

Proof. The proof uses a hybrid argument with the hybrids Gy (the HPRo-CMA es game), Gq, G, G3 ; for
7€A0,...,La}, G3;1-Gs ;3 for j€ {0,...,La— 1} and finally G4. The hybrids are given in Figures 9
and 10. A summary can be found in Table 3. They make use of random functions RF; ; : {0,1}’ — Z}]X%,
RFL” : {0,1} — Z1** and RF{") : {0,1} — Z**, defined on-the-fly.

Lemma 3.20 (Gg ~~ Gy).
Pr[Gy = 1] = Pr[G{' = 1]

Proof. In game G; each time the adversary queries a tag for a message m and he queried a tag for m
before, the adversary will get a rerandomized version of the first tag he queried. The rerandomized tag is
identically distributed to a fresh tag: t; := t; + Bs! is uniformly random in Span(B), when s} is uniform

random in Z’;. Together with v/ == u+>7_, (Z;Zl xzj)[[mﬂstg) we get a valid message tag for m, when

(([t:]2)1<12, [u]2) is  valid tag for m.
Note that the rerandomization can be carried out by just using the “public key” returned by the INIT
oracle, so it could actually be carried out by the adversary herself. To put it in a nutshell, repeated EVAL

queries for one message m leak no information, that is not already leaked by the first EVAL query for m
or by the “public key”. O
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Go| Gil G2 Gs;i Gy |

INIT: EvVAL(m € 8P):

B <& Usp i .
. : . ) if m € Q¢ then
for i S {1,...,[/}, J S {17...,7/04}, bE {0,1} do Lreturn RerandTag(m K(m))
. $ 3k ’
Xi,j,b < Zq

5 &z, » Q= Qu U {m)
K:S8sb s (G%k)* X Gg forie{l,...,p} do
i $ Zk ti =B i

return <[B]2, ({x:j bB} ) ) g*t*q;j Si

P12/ 1<i<L,1<j<ia,be{0,1} t; & 73k
CHAL(m* € SP): // one query -
h &7, forie{ll,...,p}do

- e wi= Y Xt

forie {1,...,p} do hg,; = ijl xw7[[m*]]jh t 5=1%i,5,[m],
=10+ 1)/a] A= [0+ 1)/a)
p=L 1 ifor i € {1,...,min{p,7—1}} do

L= i+ RFa ([mi]) (BY) .

for i € {1,...,min{p,7—1}} do foric {i...,p} do

T i

Lh()’i = h()’i I BJ_RF'L,ioz < [[mﬂﬂ) h Lul =y + RFz,j([m]hj) (Bl)Tti

for i e {i,... 7p}ldo . RS

Lh()’i = ho,i + B RFM([[m*]}lj) h u & Zq
hy = 2} h K(m) = (([t:)y) <0 [0]2)

hi & Z, return K(m)
return <[h]1’ ([ho’i]l)lfifp’ Uh]T) RerandTag(m € S?,7):
FINALIZE(S € {0,1}): Parse 7 = (([ti]Q)l i [u]2)
return Prefix(m*) N O Zon B fori € {1,...,p} do s < Zf; t; :=t; + Bs]

u = wu+ Z?:l (Zzil XiTj7HmﬂjBS§>

return (([tﬂz) 1<i<p’ [UI]Q)

Figure 9: Hybrids for the security proof of MACz[Usy. 1]. The algorithm RerandTag is only helper function
and not an oracle for the adversary. The partial map K is initially totally undefined.
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Gs,; Ga g1
INIT
B |{[Bg, By B}, B! < Usix

with the constrains:

e B, B, B, is a basis for Zik

e B{,Bj is a basis for Span(BL)

e B/B; =B|B;
forie{1,...,L}, j€{1,...,ia}, b€ {0,1} do
Xi,j,b (i ng
x <= Ly
K:85 -5 (G " x @

2 2

return ([B]2, ([

CHAL(m* € SP):
h < Z,

forie {1,...,p} do hg, = Z;‘il Xi j,[m*], P
=10+ 1)/

for i € {1,...,min{p,i — 1}} do

Bo,; = hos + RFia ( [mi ] ) (B4)

,p} do

.
X; ;B

// one query

forie {i,...
0, +— o4

+ BiRFi,j([[m*]]lj)Th

EvAL(m € SP):
Parse m =: (my,...
if m € 9 then

| return RerandTag(m, K(m))
Om = Qm U {m}
forie{1,...,p} do t; @ng

;mp)

foric {i,...
: S; (i ng
|if [m];,, =0 then
|t := (B|Bo)s;
else

[t: :

(2o}

1 %0,

iaj»ﬂm]]j

forie{1,... >
for i € {1,...,min{p,7—1}} do
= R[] (B)

forie {i,...,p} do
Ui ‘= U;

,p} do u; : t;

+RFi(Im];) (B4)'t:

(0)
T (RFM“(

+ (RED 4 (Im] 5,0 ) B5) |
+RFY ([[m]]le) (BT)T)tié

iiiiii o (ra Y
} + (BSRFi,jH ([[m*]]\jq-l) }
\ \
\ . T\
| +B1RF§,IJ)([[m*]]\j) )h
e e |
() a ) 5
L BoRF, 741 ([[m ]]\jﬂ)

)

+BiRF; 1

([[m*]]jJrl)T) h
hi =x5-h |

return ([h]p ([hO,i]l)lgigp’ [hl]T)

/

L. NP
ui=)C g U+ g

K(m) = (([ti]2), <oy [0,

return K(m)

FiNaLize(S € {0,1}):
return Prefix(m*) N Q ZonB

Figure 10: Hybrids for the transition from Gs; to Gg jt1.
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Lemma 3.21 (G ~» Gg). For all adversaries A there exists an adversary B with

m 1
[Pr[Gf = 1] — Pr[G4 = 1]| < 2kAdV]}*Bgena(B) + =1
and T(B) = T(A) + Q - poly(A).

Proof. These two games are equivalent except that the values t; are generated uniformly random from
Span(B) in G; and uniformly random from ng in game G. Since for all computed values it is enough to
have [B], instead of B, this leads to a straightforward reduction to the QQL-fold Us r-MDDH assumption.
Remember that by Lemma 2.4, the U3, ,-MDDH assumption is equivalent to the U/, assumption.

The running time of B is dominated by the running time of .4 plus some (polynomial) overhead that
is independent of T'(.A) for the group operations in each oracle query. O

Lemma 3.22 (Gg ~» Gg ).
Pr[G“24 =1] =Pr [Gfs‘l,o = 1]

Proof. The games are equivalent. When changing in Gg the secret values x; 1 4 to X; 1.5 +B+ (RFLO(E))T (for
allie{l,...,L} and b € {0,1}), we get game Gz . The distribution of x; 1 and x; 1 + BJ-(RFZ-,O(E))T

is identical. Note that the term BJ-(RFM)(&))T cancels out in the public key. O
Lemma 3.23 (G3 ; ~ G3 541). Forallj€{0,...,La — 1} and all adversaries A there exists an adversary
B with 4

Pr[Gs, = 1] — Pr[Ggl,,; = 1]| < 8kAdV] Pocen2(B) + =1

and T(B) = T(A) + Q - poly(}).

Proof. To prove this transition, we introduce new hybrids Gs 1, G3 ;2 and Gs ;3. The hybrids are given
in Figure 10.
Lemma 3.23 follows directly from Lemma 3.24-3.27. O

Lemma 3.24 (Gs ; ~ Gz ;1). For all adversaries A there exists an adversary B with

2

‘PI' [Géi = 1} — PI' [Géi,l = 1] ‘ S 4kAdVD:?FbGGen,2(B) + q—i]_

and T(B) =~ T(A) + Q - poly(X).

Proof. These two games are equivalent except that the values t; are generated uniformly random from
ng in game Gg ; and from Span(B|By) respectively Span(B|B;) in game Gs ;1 for i € {%,...,p}. We can
switch from Gz ; to Gz ;1 with two QQL-fold Usj ,-MDDH challenges. Remember that the Usy .-MDDH
assumption is equivalent to the Uy assumption by Lemma 2.4.

The first challenge is used to change the distribution of t; from ng to Span(B|By) for the EvAL-queries
with [m],,, = 0. Therefore, on input of a Q L-fold U3k, ,-MDDH challenge ([Bo],, [Z],) where By € Z3F**
and the column vectors of Z € ngXQL are either uniform random from ng or uniform random from
Span(By).

We can now switch from G ; to an intermediate hybrid, where the EVAL queries with [m],, , =0
are distributed as in Gg ;1 and everything else is distributed as in game Gg ;. Therefore, first change in
game Gs ; the generation of those t; with ¢ > 7 in EVAL queries with [[m]]j_H =0tos; <& Z’;; Sg <& ng;
t := Bs; +s5. Adversary B now derives By from the U,-MDDH challenge and draws B, By <* Usy, 5, until
(B|B1) has rank 2k and the kernels of B] and (B|B;)" are disjoint, i.e., all column vectors b of (B|B;)™"
satisfy B b # 0. The last check can be done with [Bo], over Gg. Like this, the column vectors of B, By
and B; form a random basis of ng.

Now set in the t-th EVAL query t; := Bs; 4+ Z[.L + i] where s, < Z¥ and Z[i] is the i-th column vector
of Z. If the column vectors of Z are uniform random from ng, B is simulating game Gs ;. Otherwise, if
the column vectors of Z are uniform random from Span(By), t is uniformly random from Span(B|By)
and B is simulating the intermediate hybrid.

We proceed analogously to switch from the intermediate hybrid to game Gs ;1.

The running time of B is dominated by the running time of .4 plus some (polynomial) overhead that
is independent of T'(.A) for the group operations in each oracle query. O
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Lemma 3.25 (Ggﬁj’l ~ Gg’jg).
Pr[Gf,, = 1] =Pr[GE,, = 1]

Proof. First of all, replace in game Gg ;1 the term RFi,j<ﬂm*]]|j> (BJ-)—r with RFE’Oj)_s_1 ([[m]]lj_H) By +

RF; ) ([[mﬂlj) (B*) This doesn’t change the distribution, since B, B is a basis for Span(BJ-).
We define

0 .
RFS ([m]; if [m],, =0

(0) .
RF; [m] =

i,5+1 41 . )
! ( ’ ) RFZ(',OJ) [my;) + RF;E?) ([ ' Hlj) if [m];, =1

0)

where RF;E?) : {0, 1}j — ZéXk is another independent random function. Since RF; ; in not used in game

0 . .
Gs 5,2, RFZ(. j)+1 is a random function.

EVAL queries with [m]. j+1 = 0 are distributed identically in both games, by definition of RFgOJ) 1

EVAL queries with [m]. j41 = 1 are distributed identically in both games, since for those queries (for
all i € {7,...,p}) t; € Span(B|B;) and both B and B; are orthogonal to Bf and thus
0 T
RFE g)+1 ([[m]]\j+1)(BO) t; =0.

The CHAL query is distributed identically if p < 7 or [[m*]]j—s-l = 0. For the case p > 7 and [[m*]]jJrl =1

note that for all i € {i,...,p}, X; j+1,1 is identically distributed as x; j41,1 + Bgw; for w; & Z’; and w; is
hidden to the adversary since in all EVAL queries (with p > 7) there is either [m],,, = 0 which means
that x; 5411 (for all i € {i,...,p}) is not used to compute the tag or there is [m],;, ; = 1 which means

that t; € Span(B|B;) and thus the B{ -part of x; ;11,1 cancels out. All in all this means that the value
hy; is the only one in the game that depends on w; and thus the Bj-part of hg ; is uniformly random to
the adversary. Especially it is distributed identically in both games. O

Lemma 3.26 (Gg@g ~ G37j73).
Pr[Gy,, = 1] =Pr[Gy; 5 = 1]
Proof. We define
1 1 .
RF) ([m],;) + RF;fj)([[mﬂlj) if [m],,, =0

RFY. ([m],,) =
iJ+1 l5+1
! ( ! ) RFi,j Hmﬂ|j if [m];41 =

where RF;(;) - {0, 1}j — ZéXk is another independent random function. Since RFz(.lj) in not used in game

Gsp3, RFY dom functi
33,3, RF; 7, is a random function.

The argument, that the games Gz ;2 and Gs ;3 are identically distributed, is the same as in Lemma
3.25, just with the roles of 0 and 1 swapped. O

Lemma 3.27 (Gs ;3 ~» G3 ;41). For all adversaries A there exists an adversary B with

" 2
|Pr[Gsl; 5 = 1] — Pr[G4; 1 = 1]| < 4kAdV]} Bocen2(B) + =1

and T(B) = T(A) + Q - poly()).
Proof. In game Gg ; 3, replace all occurrences of the term RFZ 1 ([[mﬂ J+1) Bz —l—RF2 1 ([[m]]bﬂ) B
with RFi)j([mﬂlj) (Bl) to avoid computing Bj and Bj. This does not change the distribution, since

B, Bj is a basis for Span(BJ-). The remaining transition is the reverse of Lemma 3.24. O

Lemma 3.28 (Gg)La ~ G4)

Pr[GA,, = 1] - Pr[GA = 1]| < %
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GenMAc(Gg,q, PQ):

K& HGen(lA)

B (iu:jk,k

forie {1,...,L}, j€{l,...,7}, b€ {0,1} do x; ;,, & Z3*
z( & Zg

return skmac = (B: (xi,j»b)1<i§L,1§j§w,b€{0,l}7‘ra’ K)

Tag(skMAc, m & Sp):

e i e i)

forie€ {1,...,p} dos; < ZF; t; :=Bs;
o P Y T . ’
U= 2= j=1 xi,j,HEvaIK(m“)j) ti + o

return (([ti]z)lgigp’ Mz)

Vermac(skmac, m € S, 7):

. !
Parse skmac =: (B7 (Xi,j,b)1<i<L 1<j<~,be{0,1}2 0> K)

e Ve i)

Parse m =: (my,...,mp)
Parse 7 =: <([ti]2)1§i§p7 [u]2)

KR ) v T ] /
returnu =) .| =1 xm’HEvalK(mi)j)t@ + %o

Figure 11: The second affine MAC improved with a hash function.

Proof. The challenge query evaluates RF; ;o only for the input value ml*i. Assume Prefix(m*) N Qu = 0,
otherwise the adversary has lost the game anyway. In each user secret key the value RF, ,,(m) (Bl)Ttp
is part of w. This is the only place where RF, ,,(m) is used, since only the first EVAL query for each
evaluates the random function. Each query outputs a uniformly random value for v when t, ¢ Span(B),
which happens with probability > 1 — 1/¢?*. In this case h; is the only value depending on xf and thus
uniform random as well. O

SUMMARY. To prove Theorem 3.19, we combine Lemmas 3.20-3.28 to change hy from real to random
and then apply all Lemmas in reverse order to get to the HPRy-CMA,.,4 game. O

OPTIMIZATION. MAC;[Usy, 1] can be improved, like MAC; [Us, 1], with a collision-resistant hash function.
Again we replace in the equation for u the term Zj fi (m|i)ij with Zj fi (H(m‘i))ij, where H is a
collision resistant hash function.

Formally, we need a family of hash functions H := (HGen, HEval) with domain S<¥ and range {0, 1}”
for all hash keys. The affine MAC I\/IAC;[ [Usk, ] is shown in Figure 11.

Theorem 3.29 (Security of MACY [Usy. x]). MACH [Usy, ] is tightly HPRo-CMA secure in Gy when H
is collision resistant and the Up-MDDH assumption holds for Go. More precisely, for all adversaries A
there exist adversaries B and C with

2+ 8ky

2
+ A (C) + q%

hpr,-cm
Ava’I’A“C; o 11,62 (A) < (4k + 16k7) AV Begen2 (B) +

and T(B) =~ T(A) + Q - poly(A) and T(C) = T(A) 4+ @ - poly(\), where Q denotes the number of EVAL
queries of A and poly is a polynomial independent of A.

We omit the proof of this theorem because it is very similar to the proof of Theorem 3.3, just with
the changes we already mentioned for theorem Theorem 3.18.
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4 Transformation to HIBE

Any affine MAC with levels can be transformed tightly to a hierarchical identity-based key encapsulation
mechanism (HIBKEM) under the D;-MDDH assumption in G;. The transformation is shown in Figure 12.
It is a generalization of the transformation from delegatable, affine MACs to HIBKEMs in [BKP14]. We
only consider HIBKEM here, and one can easily prove that every HIBKEM can be transformed (tightly)
into an HIBE scheme with a (one-time secure) symmetric cipher by adapting a similar transformation for
public-key encryption in [HK07].

Theorem 4.1 (Security of the HIBKEM transformation). The HIBKEM HIBKEM[MAC, D] is
IND-HID-CPA secure in G under the D-MDDH assumption for Gi if MAC is HPRg-CMA secure in Go.
More precisely, for all adversaries A there exist adversaries By and By with

ind-hid-cpa hprg-cma ddh
AdVHIBKEM['?\/IAC,Dk},g(‘A) < Advl\/?AUC,(Gz (B1) + 2Adv’er,PGGen,1(62)

and T(B1) = T(A) + Q - poly(\) and T(B2) = T(A) + Q - poly(\), where Q denotes the number of EXT
queries of A and poly is a polynomial independent of A.

The detailed proof of Theorem 4.1 can be found in Appendix B.

4.1 Instantiations
4.1.1 MDDH.

The result of applying the HIBKEM transformation to MAC; [Usy, x| is shown in Figure 13. The scheme
has a(L2 + L) (4%2 + k:) + 3k2 + 2k group elements in the public key and 4k + 1 group elements in
the ciphertext. The user secret keys have at most a(L?/2+ L/2 — 1)(k + 1) + 4k + 1 group elements.
Identities that are deeper in the hierarchy have smaller secret keys since the user secret key size is
dominated by the size of the delegation keys. On the last level, the user secret keys consist of only 4k + 1
group elements.

The result of applying the HIBKEM transformation to MACy[Usy ;] is shown in Figure 14. The scheme
has a(L2 + L) (4k2 + k:) + 3k2 + 2k group elements in the public key and 3Lk + k + 1 group elements in
the ciphertext. The user secret keys have at most 3Lk + k + 1 group elements. Identities that are deeper
in the hierarchy have larger secret keys.

The schemes have both the same public key. The first scheme has smaller ciphertexts, while the
second has a more efficient reduction and smaller user secret keys in the worst case.

4.1.2 SXDH.

With a type III pairing, both of our schemes can be instantiated with the SXDH assumption.

The result (HIBKEM;) of instantiating scheme HIBKEM[MAC; [Us, 1], Di] with the SXDH assumption
is shown in Figure 15. The scheme has ba (L2 + L) + 5 group elements in the public key and 5 group
elements in the ciphertext. The user secret keys have at most 2« (L2 + L — 2) + 5 group elements.

The result (HIBKEM3) of instantiating scheme HIBKEM[MAC;[Usy k], Di] with the SXDH assumption
is shown in Figure 16. The scheme has ba (L2 + L) + 5 group elements in the public key and 3L + 2
group elements in the ciphertext. The user secret keys have at most 3L + 2 group elements.
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Gen(Gy,G2,Gr, q, P1, Py, €):
skmac <= Genuac(Ge, ¢, )

skmac =: (B, (lei,j)1gng(L),lgigL,lgjgé’(l,i)7mé))
A & Dy,
forl e {1,...,00L)}, ie{1,...,L}, j€{1,...

. 0(,7)} do
$ mkxn. o T

Yiij ¢ Ly Zugj 1= (Yl,i,j | Xz,m') ‘A

T . —

Xpi5 Bi Buij =Y, B

dl,i,j =
0= (o' [5) A

Yo < ij; Zg
pk = <gv [A]l’ ([Zl,iyjh)

/
1<I<O(L),1<i<L,» [Zoh
1<5<0(L,9)
1<I<O(L),1<4< L,
1<5<0(1,4)

dk := ([3]27 ([d,ij]g: Buijls)

sk = (SkMAC’ (Yiii)1<icomyi<i<ri<i<e i Yo
return (pk, dk, sk)

Enc(pk, id € SP):

r & Z’;; cp = Ar
forie{1,...,4(p)} do
p £ (1)
Lcll - Zl Z flzj('d\)zlljr
i=1 j=
€= OCO]I’ ([c“]l)lszse(p))
K=z, r

return ([K],,C)

Dec(usk[id],id € SP, C):
usk[id] =: (([tl]2)1gzge(p)v [uly, Mz)
Parse C =: ([Co]l, ([c1,lh)1§lg(p)>

W me(e ][ 3] ) = B e(fen] o)

return [K],

(([602), <1< py» [0]2)  Tag(skuac, id)

£(p) < 7 (1,9)

V= ZZ 2:1 Z fl m(m )Yl w>t1+y0
=1\ Jj=
for I € {1,...,¢(p)}, i € {p+1,....L}, j €
(1,....0()} do
Ldl,i,j = Xxm-tz; e = Yt
usklid] = (([1]2)1 <1y [0+ [V]2)

udk(id] == ([dp,i ;15 [er,i]y)1<i<e(r) pri<i<i,

1< <0/ (L,i)
return (usk[id], udk]id])

Del(dk, usk[id], udk[id], id € S?,id, 1 € S):
Parse uskfid] = (([t1l2),.<1<1(): [4]3: [V]2)

udk(id] =: ([d1], [erijlp)1<i<0) pr1<i<L,
1<5 <€ (1,%)
for I € {{(p) + Ap+1)}dot;:=0
for [ e {1 (p+ 1)} do
le Zy ; t; = t; + Bs;
id := (idy, ..., id, idp41)
() £ Up+1) »
u/ =u—+ Z Z fl,PJrl,j (Id )dl,erl,j
p+1 pr1 £ (1,3)
+ Z Z Z Juig (idfi>dl.¢,j s)
i=1 j=1

, £(p) ¢’ (Lp+1) .
vi=v+ lZ Z frprr;(id)erpin
-1 4

f(p+1 p+1¢ (L)

+ Z Z Z fl,i,j(idfi)Ez,i,j s

i=1 j=1

for [ € {1,...,¢

(P}, i€ {p+2,...,L}, j €

{1,...,¢(l,i)} do
Ly = g+ diggs)
gegﬂ.,j =€+ El’i’js;
forle{ﬁ( )+1,... lp+1)}, i€ {p+2,...,L},
j el .l(Li)} do
l ,4,J = dl Za]sl
lZ,j ' Elvla]Sl
uskid] 1= (([6]2)y<icopinye [0 [VV]2)
udk[id’] := ({d?,m‘]zv [ei,m}2)1313f<p+1>,p+29§u

1<5<0 (L,d)
return (usk[id'], udk[id'])

Figure 12: The Transformation HIBKEM of an affine MAC with levels to an HIBKEM.
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Gen(1%):
B (i Z/{3k,k§ A (i Dk

forie{1,...,L}, je{l,...,

Xigb & L35 Yigp ¢
. T

Zijp:= (Yi,j,b | Xm',b) A

PO . R

d; ;b =%, ;,B; Em‘,b =

/ ! B8 k.
xh < Lg; Yo < Ly

Z:=(z

pk(

dk :

o (w.5)

sk := (skMAc, (Yijb)icicr, 1<j<ia,bef{0,1}? yo)

return (pk, dk, sk)

Enc(pk,id € SP):
& ZF; o= Ar

L P (2o}
cri=) Zj:l Zi,j»[[id]]jr

C:= ([Coh, [01]1)
Ki=z)-r
return ([K],,C)

Dec(usk, id € 87, C):

Parse usk =: ([t],, [u],, [V]5)
Parse C =: ([co];, [c1];)

Ky = ([ef], |

return K],

ia}, be {0,1} do

vV i=

;]7b]1)1<z<L 1<]<za be{0,1}

( 1,5,b ,J,] )1§i§L,1§j§ia,b€{0,1}

—e([ef ], [t])

& 7% t:=Bs

[1e"

A P T
U= i=1 Z] 1% ,],[[ld]] t+ l‘o
1 Zj:l Yw,[[ldﬂjt +¥0

forie{p+1,.
do di,j,b:

Del(dk, usk, udk, id € S?,id, 1 € S):

L tal, be {0,1}
Tg,bt ez b = Yi7j7bt

usk[id] == ([t]y, [u],, [v]5)

udk(id] := ([di,jp], [€15]5) pr1<i<r befoy,

return (usk[id], udk]id])

Parse usk =: ([t],, [u]5, [V],)
'&Z’;; t' :=t+ B¢
id = (id1, .., idp, idp+1)

(p+Da

=u+ Z derl,][[ld]] +

(p+1)a

ViEvE S e,

forie{p+2,...,
do

ng

udk’ := ([d; b

return (usk ,udk )

Figure 13: The resulting scheme HIBKEM; := HIBKEM[MAC; [Us, 1], Dk]-

(Z Zd,md]}

> Z Ei,j,[[id’]]j> s’
i=14=1
.iat, be {0,1}

dng _d7]b+d7]bs
eng+E1]bS

usk” == ([t'],, [W],, [V']5)

bly /) p+2<i<L,be{0,1},
<j<i




Gen(1%):

B (i uSk,k; A (i Dk

forie{1,...,L}, je{1,...
Xijb ¢ L3%5 Y g < Zyr3F
Zi,j,b = (Y;l,—j,b | Xi,j,b) A
di,j,b = XiT,j,bB; Ei,jJ) = YiJ‘,bB

/8 .o U8 k. ,/ ._ a /
xo <& Lg; yo <& Lk 2= (yo' | zp) - A

Jiat, be {0,1} do

pk = (g, [A]1= ([Zi,j,bh)1§¢§L,1§j§m,be{o,1}> [26]1)

sk = (SkMAC’ (Yiﬂ%b)1§11§L,1§jsm,be{o71}’yO
return (pk, dk, sk)

Ext(sk,id € SP):

forie{l,...,p} dos; &Z’;; t; =

f*l (Zj’oil Xsz [id] , )ti + 20
(Zj 1 Y j,[id], ) i+ Y0

return (([timlggp, [u], V], )

BSl‘
u =

vV i=

Del(dk, usk, udk, id € SP,id,41 € S):

Parse usk =: (([ti]g)lgigl,a [u],, [V]z)

forie{l ..,p} do s} & ZF: ¢ :=1t; + Bs]
p+1 & 7F b, =Bs),,,
id’ (|d17.. yidp, idpt1)

—u+2p+1(2 —1dij,pe, ) s
V= v Y (S0 B e, )
return (([t/]2)1§i§p+l’ [u'],, [V,]2>

Enc(pk, id € SP):

<i Zg; Co = A_r
forie{l,....p}docy; =372 Z;[q),r
C:= ([00]17 ([C17i]1)1§i§p)
Ki=zp-r

return ([K];,C)

Dec(usk, id € 8P, C):
Parse usk =: (([t']2)1<z<pa [uly, [V]z)

Parse C = (co 10
T
Co

K = e([eF). | )

return K],

Cl Z 1<z<p>

Figure 14: The resulting scheme HIBKEMy := HIBKEM[MAC; [Us, 1], Dk]-

28




Gen(lA):

B (i Z/[3’1; A (i Z/{Q,l

forie{1,...,L}, je{1,...,
X,;J',b & Zg Yi,j,b (i Z}IXS
Zi,j,b = (Y;rj b | Xijb) <A
d; B; E, ,:=Y;;,B

zh & Lgs yo & Ly zh = (yo' | 2p) - A

pk = (g, [A], ([Zivjvb]l)lgiSL,lgjgia,bG{O,l}’ [z0],

dk := ([B]% ([di s b [ 5o )1<i<L 1<j<ia,be{0,1}

ia}, be{0,1} do

gb =X 2]b

sk := (SkMACa (Y, b)1§sz,1§]§m be{o, 1}73’0
return (pk, dk, sk)

Ext(sk,id € SP):
s< Z, t:=Bs

wi= (X0, X0 ], g, ) b+ b
V= (Zz‘=1 Zj:l Yi,j,[[id]]j)t +¥0
forie{p+1,...,L}, je{l,...,ia}, b e {0,1}

do di,j,b = XzT,j,bt; em"b = Yi,j,bt

usk := ([t]y, [u]y, [v],)

udk := ([dijb),, [ei’j’b]2)p+1§i§L,be{O,1},1§j§ia
return (usk, udk)

Del(dk, usk, udk, id € S?,id, 1 € S):

Parse usk =: ([t],, [u],, [V],)
S/ $ Zq7 t/ ':t+BS/

1
=u+ (ZH Z d j,fid, )
=Vv+ (Zp+1 E] 1 Ezy [id] )
forze{p—ﬁ-l,,,.L} je{l,...ia}, be {0,
1} do
d;,j,b =djp+di;ps
eaj,b =€, b+ Ei’j,bs
usk” == ([t'],, [u'],, [V/]Q)
! Py—
udk® = ({d;dﬁb 9’ €t o) P+2<i<Lbe{0,1},
1<j<ia

return (usk/, udk')

Enc(pk, id € SP):
r & Zg; co = Ar

C1:= 2 i=1 Z Z,;, lia], T
C:= ([Coh, [01]1)
K=z, r

return ([K];, C)

Dec(usk, id € 8P, C):
Parse usk =: ([t],, [u],, [V]5)
Parse C =: ([00]17 [Cl]l)

Figure 15: The resulting scheme HIBKEM[MAC; [Us 1], Uz 1].
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Gen(1%):
B (i U371; A (i Z/{Q,l
forie{1,...,L}, je{1,...,ia}, b€ {0,1} do
Xi,j,b <i Zg Yi,j,b (i Z(IIX?’
Zi,j,b = (YZj,b | Xi,j,b) <A
di,j,b = ij,bB; Ei,j,b = YiJ’bB
th & Ly yh & Dys = (vh | h) - A
pk = (g, (A, ([Zi7j»b]1)1§i§L,1§j§ia,be{0,l}’ [ZB]l)
dk = ([B]Q, ([di’j,b]Qa [Ei’j’b]z)1Si§L,1Sj§i(x,bE{0,1}>

sk := (SkMAC’ (Yijoh<icricj<iabe(o1): Y0
return (pk, dk, sk)

Ext(sk, id € S?):

forie {1,...,p} dos; < Zg; t;, :=Bs;
1 (Z;til X;,—j,[[id]]j>ti +

vi=3yr (2211 Yi,jy[[id]]j)ti +¥0

return (((ly),<;c, [y, [V, )

u =

Del(dk, usk, udk, id € SP,id,; € S):

Parse usk =: (([ti]z)lgigp, [u],, [v]2)
fori € {1,...,p} dos] < Z,; t], :=t; + Bs]

W=k YO (S5 di pa, )S)
(i
V= v 4 Y (Zj:({ ) Ei,j,[[id]}j)s;

return (([t/]2)1gz§p’ [u']y, [V'],

Enc(pk,id € 57):

r < Zg; co = Ar
forie{1,...,p} docy,:= Zfz(ll’i)
C:= ([00]17 ([C1]1>1§i§p)

K=z, r
return ([K];, C)

Z,; [ia], T

Dec(usk, id € 8P, C):
Parse usk =: (([ti]g)lgiglﬁ [uly, [V]2)

Parse C =: ([Coha ([C1]1)1§z‘§p

e M IR (GARICN

=1

return K],

Figure 16: The resulting scheme HIBKEM[MAC;[Us 1], Uz 1].
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GenMAc(Gg,q, Pz)l

A& Dy Bi=A

forie{l,...,L}, je€{l,...,a}, b€ {0,1} do x;;,, < Z&
xy & 7,

P !
return skyac := (B, (xi7j7b)lgiSL,lnga,be{O,l}7‘TO)

TE-lg(SkMA(;7 m & Sp):

p— . /
Parse skmac =: (B7 (X%va)lgz‘SL,lgjga,be{o,l}7':EO)
s & ZZ; t:=Bs

R r @ T ’
U= ( i=1 Z]’:l Xi,j,(mri)j)t + o

return 7 := ([t]27 [u]z)

V(EI’|\/|Ac(Sk|\/|Ac7 m € Spﬂ'):

Parse skwac =: (B, (Xivjvb)1giSL,1§jga,be{o,1}’xf))
Parse m =: (my,...,mp)
Parse 7 =: ([t]27 [u]2)

2
— P a T /
return u = ( i1 ijl xi’j’(mi)j)t + xg

Figure 17: Description of MACz[Dy], a hierarchical version of MACng[Dy] from [BKP14].

INIT: Enc(id*): //one query
(pk, sk, dk) <& Gen(\) (K*, C*) < Enc(pk,id*)

¢ := false

return (pk, dk) c = true
return (K*, C*)

ExT(id):
if ¢ = false then return L FINALIZE(S € {0,1}):

Q1p + Qzp U {id} o ?
return (usk[id], udklid]) <% Ext(sk, id) return (Prefix(id") N Qzp = 0 A 5

Figure 18: Games IND-saHID-CPA,., and ‘ IND-saHID-CPA 1nd ‘ for defining IND-saHID-CPA-security. For
any identity id € SP, Prefix(id) denotes the set of all prefixes of id.

A Semi-adaptive Security of the BKP MAC

Blazy, Kiltz, and Pan proposed in [BKP14] an affine MAC with a tight security reduction in the non-
hierarchical setting. This MAC can be generalized to the hierarchical setting in the semi-adaptive security
model, as shown in Figure 17. In the semi-adaptive security model, the adversary has to send the challenge
identity id* before asking for user secret keys and after seeing the public key, in contrast to the adaptive
security model described above. Formally, the semi-adaptive security model is defined via the games in
Figure 18.

Definition A.1 (IND-saHID-CPA security). A hierarchical identity-based key encapsulation scheme
HIBKEM is IND-saHID-CPA-secure if for all PPT A,

Adv} P2 (A) := | Pr[IND-saHID-CPA, = 1] — Pr[IND-saHID-CPA 4|

real rand
is negligible.

For MACs we define saHPRy-CMA security similar to HPRy-CMA security, just with the difference that
the adversary has to send the challenge message before any Tag queries. Such a MAC can be transformed
into an IND-saHID-CPA secure HIBE in the same way as in the full security setting.
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The main difference to the original, non-hierarchical MAC is that the randomness in the Tag algorithm
s is random and not pseudo-random. Thus the tags are not deterministic, and we need to take care of
duplicated tag queries for a single message. We do this in our proof by storing for each message m the
first tag we computed and return a randomized version of this tag for each follow-up Tag query for m.
This randomization only requires knowledge of the public key.

We call messages (my,...,my) critical, if (my,...,mpy_1) is a prefix of the challenge message m*.
For each message m the critical prefix is the prefix of m, that is a critical message. The critical prefix
exists and is unique for all messages, that are not a prefix of the challenge message m*. Our overall
proof strategy is to randomize v in all Tag oracle queries for critical messages and for Tag oracle queries
of non-critical messages we simulate a Tag oracle query the critical prefix and use the key delegation
mechanism to obtain a tag for the actual message.

Theorem A.2 (Security of MACR[Dx]). MACRR[Dy] is tightly saHPRg-CMA secure in Go under the
Di-MDDH assumption for Go. More precisely, for all adversaries A there exists an adversary B with

Advijjgéi'[gj@? (A) < 2aLAVE D ceno(B)

and T(B) = T(A) + Q - poly()).

Proof. The proof uses a hybrid argument with hybrids Go, G1, Ga,; for 7 € {0,...,aL} and Gs. Gg is the
saPR-CMA ¢, game, the other games are defined in Figure 19. They make use of a random functions
RF; : {0,1}" — ZL**, for i € {0,...,aL}, defined on-the-fly.

Lemma A.3 (Gg ~ Gy).
Plr[G()4 = 1] =Pr [G“f‘ = 1}

Proof. In game G; the queried message tags are not computed directly; instead we compute a tag for the
prefix m’ of m, that is one component longer than the longest common prefix of m and m*. This prefix
exists when m is not a prefix of m*. The tag for m’ is then delegated to a tag for m and re-randomized.
This requires only the public key. The distribution of a delegated and re-randomized tag is the same as
the distribution of a fresh tag; thus, the games are identical. O

Lemma A.4 (G; ~» Ggp).
Pr[G“l4 = 1] =Pr [Géo = 1]

Proof. In game Gg o we replace x(, with RFy(¢), which is equivalent. O
Lemma A.5 (Go; ~ Goit1). For all adversaries A there exists an adversary B with
|Pr[G4; = 1] — Pr[Gsliyy = 1]] < AdvBPccena(B)
and T(B) =~ T(A) + Q - poly(A).
Proof. We define

RF; [[m]]‘z if [mﬂi-&-l = [[m*]]i+1
RF; ([m]}; ) + RF; (Imly) i [mlyy = 1= [m7],,

7

RFM([[m]]lm) —

where RF; : {0,1}* — Z, is another independent random function. Note that whenever RF;; is evaluated,
RF; is not evaluated. This is because the adversary is not allowed to query the tags for any prefix of m’
since each such message would be a prefix of the challenge message m*.

The adversary B uses the random self reducibility to get a Q-fold D-MDDH challenge ([A],, [H],),
where @) denotes the number of tag queries. The reduction uses a function ¢ : {0,1}* — {1,...,Q} that
has to be injective on all prefixes of queried messages. It can be computed on-the-fly. The reduction is
given in Figure 20.

The reduction computes the public key honestly except for Xie jo1—(m2,) - The public key is

v J

T B

distributed correctly since r" A is a uniform random k dimensional row vector, just like X, ien (m2.)
IV i* ) j*
+

would be for a uniform random x . . .
g 1=(ms) L

i
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INIT:

A& 'Dk; B:= X

forie{1,...,L}, je{l,...,a}, b€{0,1} do
in7j’b (i ZI;

K:S8s0 s ((Gr’g X Gg)

return ([B}Q, ([

CHAL(m* € SP):

.
X; ;b B

L) 1§i§L,1§j§a,be{071})
// one query

h&Z,

h = (Zf_l Z?:l X:j,(m:)j> h
hi=x}-h

iy = R ([m*],) -
ez,

return ([h]17 [hol,, [P1] 1)

Delegate(m’ e S 1, (Mys1,...,m,) € Sp_p/):

Parse 7 =: ([t]zv [u]y, ([diajab]2)p’+1SiSL’1§jSa’b
Parse m’ =: (my,...,my)
s’ & LF t =t + B¢

J

/
di,j,b

e (101 |

wim et (S S5 gy ) + (S
forie{p+1,...,L}, je{1,...,a}, be{0,1} do d

(o) G

EvAaL(m):

Let p' s.t. Vi <p':m; =miAmy #m%
m’ = (mq,...,my)

if K(m") =1 then

s <& ZZ’; t := Bs

oo (2

/

i=1

(e

forie{p +1,...,L}, j€{1,...,
{0, 1} do di,j7b = ij,bBS

tdk := ([divjvb}2)p’+1§i§L,1§j§a,b€{O,1}
| K (m’) := ([t],, [u],, tdk)
return Delegate(m’, K(m'), (mp41,. ..

7mp))

FINALIZE(S € {0,1}):
return S A (Prefix(m*) N Qg 9

co)

T /
1%, (my), ) Bs

U

.. T !
i = digp +x; ,Bs

Figure 19: Hybrids for the security proof of MAC',:,R

and not an oracle for the adversary.
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INIT:

B:=A

forie{l,...,L}, je{l,...,a}, b€{0,1} do
Lif i+ j #1Vb=(m]), then x; ;< Z’;
i*:=(diva)+1; 7 :=( moda)+1

r & ZE bi=1—(m5). x)L . Bi=rTA
K :85L ——5 (G} x Gy)

return ([Bb, ([X;l,—j,bB

CHAL(m* € SP):

3*3

return ([h],, [hol, [h1]4)

FiNaLIZE(S € {0,1}):
return 8 A (Prefix(m*) N Q. 29

EvaL(m):

Let p' s.t. Vi <p’:m; =mfAmy #ms

m’ = (mq,...,my)
if K(m")= 1 then
if p’ <i* Vv [m'], = [m*], then
S(iZ’;; t :=Bs

i := min{%, p'a}
S X RF /
= L, t+ i,
B z; ggl XZ’]’(mi)j <[[ ]]‘Z )

forie{p'+1,...,L}, je{l,...,a}, be
{0, 1} do di,j,b = ij,bBS
else

€= ¢([[m/]]|z>

s < ZF: t:=Bs+H,

;)
U= S>ooox 0 |t+rT(As+H,)
=y o),

(i) 2% 57) + RFz([[m/]]\a
forie {p+1,...,L}, je{l,...;a}, b €
1{0,1} do d; ;= ij,bt

tdk := ([di’jﬁb]Q)p/—i-lgigL,lgjga,bE{O,l}
LK (m") o= ([t]y, [u], tdk)
return Delegate(m’, K(m'), (mp 41, ...

,Mp))

Figure 20: Adversary B for the proof of Lemma A.5. The helper algorithm Delegate is given in Figure 19.

CHAL, FINALIZE and EVAL queries with K (m’) #.L are the same as in Gy; and Gg;+1. The EVAL
queries with p’ < ¢*V [m’], = [m*]; remain also unchanged. Note that for these queries, the tag delegation

keys [d; ; ], can be computed from {XIMB} and

S.

For the EVAL queries with p’ > i* A [m'], # [m*], write H, =: AW, + R, for some W, € Z; and

R. = 0 if H. was drawn from Dj, or uniform random R € Z’qc+1 if H, was chosen uniformly random.

Then
(p',a)
_ T
w= Z i (m),
(i,9)=(1,1)
(4,9)#@",5%)
(p',a)
_ T T
= Z Xi,j,(mé)j t+x
(i,)=(1,1)
(4,5)#(i*,5%)
(Tf)
T
= X. .
2,7,{m;
(6:)=(1,1) i),

gt (mE ) LS ,

t+r A(s+W,)+r'R.+ RFi([[m’]]ﬁ)

B(s+W,) +r'R. +RF;

(Im1;)

t

0 t+r R, + RFi([[m’]]li) )

If R, = 0 the reduction is simulating G ;, if R, is uniform random, define RF;([[m’]]Ii) :=r'R, and the

reduction is simulating Gy ;. Note that for these queries, the tag delegation keys [d; ; 5], can be computed
from x; ;; and [t], since x; ;; is known to the adversary for all i > p’ > ¢*.

37

O



Lemma A.6 (G2 o ~ G3).
Pr[GéLa = 1] = Pr[Gé4 = 1}

Proof. In game Gg 1 all the us in tags for a message prefix m’ are masked by RF, evaluated at the
unique value [m’]. So they are uniformly random as in Gs. O

SUMMARY. To prove Theorem A.2 we combine Lemmas A.3-A.6 to change hy from real to random and
then apply all Lemmas in reverse order to get to the saHPRy-CMA,,nq game. O
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B Security of the HIBKEM transformation

Proof (of Theorem 4.1). The proof makes use of the hybrids Go—G4 defined in Figure 21. Gq is the
IND-HID-CPAca game.

Lemma B.1 (Gy ~~ Gy).
Pr[Gyt = 1] = Pr[G{ = 1]

Proof. The only difference between these games is that ¢j ; and K* are computed with the public value
Z,; ; in game Go and with the secret key x;; ; and Y;; ; in G;. O
Lemma B.2 (G; ~ Gg). For all adversaries A there exists an adversary Bs with

[Pr[Gft = 1] — Pr[G4 = 1]| < AdvE Becen1(B2)
and T'(Bz) =~ T(A) + Q - poly(X).

Proof. The only difference between these is that ¢ is chosen from Span(A) in G; and from Z’;‘H in Gg.
The running time of By is dominated by the running time of A plus some (polynomial) overhead that
is independent of T'(.A) for the group operations in each oracle query. O

Lemma B.3 (G ~» G3).
Pr[Gy = 1] = Pr[Gf = 1]

Proof. These two games are equivalent. First notice that the values Z; ; ; and zj are uniform random
when Y; ; ; and y{ are hidden, so Z; ; ; and z;, are distributed identical in both games. Second notice

—1
Zl,i,j = (Yl—,;,j | Xl,i,j) A = le:;,j = (Zl,i,j — Xl,i,jA)A

and similarly
—1
2= (yo' | 20) - A=y = (2 — 20A)A
Game Gg is obtained from Gy by choosing Z; ; ; and z( uniform random and replacing all occurrences of
the values Y;; ; and y( with the above equation. Thus the games are equally distributed. O

Lemma B.4 (G3 ~ Gy). For all adversaries A there exists an adversary By with
Pr[Gf = 1] — Pr[Gy' = 1]| < Advjri T2 (By)
and T(B1) =~ T(A)+ Q - poly(X).

Proof. The adversary B is given in Figure 22. When B plays the HPRyp-CMA s game with the affine
MAC with levels challenger, he simulates the game G3 for .A. On the other hand, when B plays the
HPR-CMA ;4 game with the MAC challenger, he simulates the game G4 for A.

The running time of B; is dominated by the running time of .4 plus some (polynomial) overhead that
is independent of T'(A) for the group operations in each oracle query. O

SUMMARY. To prove Theorem 4.1, we combine Lemmas B.1-B.4 to change the key K from real to

random and then apply all Lemmata (except Lemma B.4) in reverse order to get to the IND-HID-CPA .14
game. O

39



Go | G1 [G:Qj Gs Gy

INIT: ENnc(id* € 8P): // one query
skmac < Ge nMAC(G27Qa P) r & L cf = Ar
skmac = ( (X1,i.5) 1<I<e(L),1<i<L,1<5<0/ (1, z)’xo) C:g & Z’;*ﬁ
Ae D, Bt A
for I € {1,...,4(L)}, i € {1,...,L}, j € {1,... ;’fzq
(1,9} do G c=htAA G
Y <& ZZX"; Z;;:= (Yl:] \ Xl,i,j) -A for i€ {1,...,4(p)} do
= x! . .B: =Y p (1,3
Edl,z,j . XELJTB, Elm] Y_lzj B Cll _ E Z fl,7_]<|d‘l)Z[1]r
;El,i,j =A (Zl—rv ]B A dl i, ) =1 7=
H P Z/(l,’L
v & 7k i 2 (fl ACHICAMEMIE:
zp = (yo' |2p) A : /
i p_ (L)
* = d )
pk = (Q, [A]}, ([Z,i5])1<i<e(rya<i<L, [Z6]1> 501,1 El = (fl b (' /i

1<5 <0 (1,3)

(Z03s A "o +x005h) )

dk := ([B]27 (Iduisly [Brigls)1<i<enya<i<r, B

1<G<(19) Kr:=z)-r

return (pk, dk)

EXT(id € Sp): K* = Z()K*lﬁ

Qzp + Qzp U {id}
(([tl]z)lglgap)a [U]z) < Tag(skmac, id)

=1 j=1

K" &

Zy

vi= [% <2p: e%i) i (idi)Yz,m) t + v return ([K*]T’ <[06]1’ ([CI,;} 1) 15!3@@)))
FiNaLIZE(S € {0,1}):

<
I

o

u'A>A_1

forl e {1,....4(p)}, ie{p+1,...,L}, je{l,
...... 2(1,1)} do
diig =%t enij = Yot

esz = (t] Z1ij — dri AR

udk[id] := ([dr.q 515, [€1,i5]5) 1<i<e(L) pr1<i<L,
1<5<0 (1)

return (([tl]Q)lglg(p), ]y, [V],, udk[id})

£(p) p (i -
T. <z . (tlT 21 E lm(ld| )Zl ”> + 1z, return 3 A Prefix(id*) N Qzp
= i=1 j=1

?

0

Figure 21: Hybrids for the security proof of the HIBKEM transformation.

40




INIT:

Parse pkyac =: ([B]2, ([XIT,i,jB}2)1SZSZ(L)71§i§L,>

1< </ (1,3)
A & Dy,
for I € {1,...,¢L)}, i
{1,...,0(1,i)} do
diiji=x), B Ly & Zp°F
Biii=A (Z],B-ATd,,)

52, l,3,7

e {1,...,L},

!/ .8 1xk
Zg <—Zq

(g, (Al ([Zig]) ) 1<i<an)i<i<r,s Wl)

1<j<e(1,%)

pk :

dk := ([B]w ([di,i5)o [Brigls)1<i<ecry 1<i<r,
1<j<e/(1,3)
return (pk, dk)

H < CHAL(idY)
Parse H =: ([h]p ([hoalh)gzge(p)’ ml]T)
%@Z’;; cia:Zh-l-A'Xil%
for L € {1,...,0(p)} do

Ccl =

K*:=z)A o} + hy

return ([K*}Tv ([CS]I’ ([CilL)lglge(p)))

j €

// one query

’ i . _ 1
1 Zﬁ:(lo ) Juig (|d|*i> Z; ;A c6> +hg;

ExT(id € SP):
Qrp + Qrp U{id}
7 <& EvaL(id)

Parse 7 —: (([tl]z)lgg(p), [u]Q,tdk)

tdk = ([dniils)1 <o prrcicrasicows

- £(p) - p £'(1,i) )
vie= | Yt X X frig(idi)Z,
=1 i=1 j=1
+z6—u-A>A1
forl e {l,....¢(p)}, ie{p+1,...... ,L},

jell,..., 0} do
L (t) Zoij —diijA)A

Clij =

1

udklid] := ([dz,i,jb, [ez,i,j}g)1§l§e(L),p+1§i§L,
1< </ (1,3)

return (([tl]Q)lgg(p), (], [V],, udk[id])

FiNvaLize(8 € {0,1}):
return FINALIZEmac(3)

Figure 22: Adversary B for Lemma B.4.
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