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System of Particles and Rotational MotionJ
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Rigid Body ¢ A

Initial Final

No change in the distance between any pair of particles.

Shape and size of the system remains
same.

No change in the distance between
any pair of particles.

No velocity of separation or approach
between any two particles.



4 Rigid Body

No velocity of separation or approach between the particles.

- - -
© VUyp = Vg — Vp

* Uy = (vycos0, —vgcosOg)i+ (v, sinf, — vy sinfg)j

Vsep = (Wap)) = 0 = ERPRPERVNIN )



_"l The velocity of end A of a rigid rod placed between two smooth

perpendicular surfaces moves with velocity 10 m/s along the vertical

Solution :

when the angle 6 = 30°. Velocity of end B at that exact moment is

Velocity of separation between the particles

A
at the ends of the rod must be zero since it l’
gle]le} b, 0
Y|
Vgep = 0 vy Sinf
sep a P\ f
= v,c0s0 = vgsinO % Th N
B
: 1 »VUp
= 10 cos 30° = vg sin 30°
_wvpgcosO
V3 | B
> 10X —=vp X= 1 — »VUp a 10V3 m/s
2 2 =N
\ .
{UB sin @ 10
b — m/s
= vp =10 2uuls V3
C 5V3m/s
d ° /
— m/S
V3




AXxis of
Rotation

Circular v/s Rotational Motion

- Acircular motion is generally defined for a particle.

- The term rotational motion is used in the case of an
extended body.

AXxis of Rotation

|

- AOR is the straight line passing through all the fixed points of a

rotating rigid body around which all other points of the body
move in circles.

+ It does not have to pass through the body.

- |t does not have to be fixed.

+ It does not have to be perpendicular to the surface plane of a
two-dimensional object.
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4 Types of Rigid Body Motion

—e- l >0
L l 5 \ Pure Rotational Motion
P o \0 g Angular displacement of each particle
o l >0 P \° within a particular time interval is same.
Lo .
. . LN N 08
Pure Translational Motion VN N Tt s
Displacement of each particle within a N
particular time interval is same. S
Combined Motion [Translation + Rotation] Ve e rRERhI el

Motion of point A w.rt ground

A
°

>

e
Motion of point 4 w.rt ground
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Torque

./ﬁv
P
»

It is the rotational analogue of Force.
Represented by Greek letter 7 (Tau)

Mathematically called as Moment of Force

Torque of the force F on the system about point 0
IS given by

Where,

7 = Position vector of the point of application of
force w.r.t. point 0



2, Direction of Torque y |

« Torque is an axial vector.

« Direction is determined using the right-hand thumb rule.

-

T =l

L1

Going into the plane : @ Coming out of the plane : (®



=

Magnitude of Torque

av
\
\
S
T

> 4 ‘e _d
F, = Fsin6
O 1
T = |77>< F| =rFsin@ = (rsin@)F T = |77 X ﬁ| = rFsin = r(F sin 6)
- -
F —Applied Force F, — Perpendicular component of

applied Force
r, — Force arm il



_||| A particle of mass 2 kg is projected with speed u = 10 m/s at angle
6 = 30° with horizontal. Find the torque of the weight of the particle
about the point of projection when the particle is at the highest point.

Solution : m=2kg
Torgue about the point of projection,

T=TJ_F

e ()

102 sin 60°

X 29

= 7 =50V3 Nm

<< sz@ )mg [ R :Tw
- (55 )

|

y
A

I
- p!
I

2

panyl

a 100 N m
b 50 N m

C 50V3 N m
d 100V3 N m
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Force Couple

< 2d - > F
___________ (V== o= _YB
< X1 > 4—Xr—»

Consider clockwise direction as +ve.
Torque about point P,

T=Fx; +Fx,

=>1T=F(x +x,)

= 7= F(2d)

/ Note: Torque is independent of x4, x,



Solution :

value of x is

If the torque due to the couple in the given figure is 21 N m, then the

Torque due to the couple, T = Fd

=>21=12x%xd

=>d=175m

Now,d +x =2m

>x=12—-d
>x=12-1.75

=>x=0.25m

2m

S A WA N

e S

25 cm

12 cm

9cm

10 cm




=5 Point of Application of Force

P : 2
A

2
x>

net

Terf +%p

Ny

P is the point at which the resultant of external forces (F,.,) can be
assumed to be applied.

- -

Fnet — F1 +P_>'2 +F_)'3

fnet — (Fl X F_)'l) + (FZ X P_)‘z) + (F3 X P_)‘3) - FEff X ﬁnet



@ Mechanical Equilibrium

_
L A
Translational equilibrium F;
Zﬁi =0
o
Rotational equilibrium Z,.=0

Zf—i =0 (Torque can be calculated about any axis ) 2 \

A system is in mechanical equilibrium if it is in =
translational as well as rotational equilibrium.



7 A uniform rod of mass 2M and length L is placed on two supports as
shown in the figure. A block of mass 5M is suspended from one end of

just in equilibrium. Find out the normal reactions provided by the two
Solution : supports.

the rod. Another mass M is placed on top at the opposite end. The rod is

W=2Mg & T=5Mg 4 )
L
For the rod to be in equilibrium, 7
M 2M —
) a ~
Z Fnet = 0 NS:LT L
Ns, +Ns,=Mg+W +T 2M N“z[é ) . L
M‘gl ) 3L SM
Nsl 1z NSZ = 8Mg 51 L " 52 T T
< - > i T
Torque about S; < sL >
. 2 N /
Z(fnet)sl =0
3L L Q S
NSZ Z —W E —T(L)ZO
N, = 8Mg

= N;, =0




= Toppling

_
S r— e L \\\
e~ — F o foess
) F ==X t» s nA W
f
< oP 4—-¢P f< 3 - .p
v v

As the external force F increases, normal force N adjusts its
point of application in order to keep the block from toppling.

When F and therefore the friction f is high enough, normal

force can no longer provide the counter-balancing torque and
the block topples about point P.



? A block with a square base measuring a X a, and height h, Is placed on %
an inclined plane. The coefficient of friction is u. The angle of inclination
0 of the plane is gradually increased. The block will

Condition for Sliding

Condition for Toppling ~2

a || topple before sliding if u >%

N =mgcosf About point P (To initiate toppling)

2R

topple before sliding if u < %

mgsin @ = (fg)max (Body isjust about to slide)| Tmgsing > Tmg cos 6

G slide before toppling if u > -

h
g N _ . a e}
mgsinf@ = uN = uymg cos 6 mg sin 6 XE > mg cos 6 XE d || slide before toppling if u < -

tanf = u

The block will topple before sliding if u > %

a — .
tan 6 > E (TO INnitiate toppllng) and slide before toppling if u < %

tanf > u (To initiate sliding)




Moment of Inertia

\

Rotational analogue of mass.

Moment of inertia of a particle of mass m located at a
perpendicular distance r from an axis in consideration
IS given by,

I =i

It is a scalar quantity.

Unit of MOl is kg m?.

Moment of inertia of n particles having mass m,, mo,...,
m,, at distance r, 1,,..., 1;, from an axis is given by,

n

I=myri+myri+ ..+ m,r2 = Z(miriz)
i=1

Note: Moment of inertia is added only if they are defined with respect to
the same axis of rotation.



Solution :

A massless equilateral triangle EFG of side a has three particles of mass m

situated at its vertices. If the moment of inertia of the system about the line

EX perpendicular to EG in the plane of EFG is z—l\gmaz, then N is

X a X
A 5 A
i I ;
Moment of inertia of the system about EX, | R F
' @‘m 'm
I=Il+lz+l3
02 4 m (P a2 m
= I = m(0) +m(2 + ma ) -y Ay o © ! m\’
- E G
E G
L5 2 25,
—4ma —Zoma
a 20
N =28
b 5
C 25




_/] Moment of Inertia of Continuous Bodies

~

“ 0
A
.y dm
_—
\
7 0
A
0.’

.

Ml of the element about 00,
dl = r?dm

MI of the continuous body about 00’,

Izjdlzjrzdm

Moment of Inertia depends on

Axis of rotation,
Shape and size of the body, and

Distribution of mass relative to axis of
rotation

P G
.
‘
:
! dm
o
Tz
1 1
: i
I, l,
" aln )




Calculate the moment of inertia of a uniform rod of length L and mass
M about an axis passing through its centre and perpendicular to it.

Solution : . A A
Let A be the density of the rod. > >

From the definition of MOI, dm

A
b~

<
dl = dm X x? dx
“x

= dl = Adx X x? == x =0 X

I
DN o~
ra
-

17
=>dI=Idx><x2

\ 4

L /2 a

= dI—M 2d
% —f —fjx X

Ly, b

e




@ Moment of Inertia of a Thin Uniform Rod ¢ %

About an axis passing through the end of the rod making an
angle 6 with it

About an axis passing through the end of the rod
perpendicular to it

i N y Y
y1 dm = 1 dx
D ‘ . |
- |
| T 4 X
I : o ;
x=0 so =il -
dm =A1d
N . N 7
M 3\*
From the definition of MOI, dl = r% X dm C i’
[ = —sin“ 0 X 3
0

i 2
dl = dm X x = dl = (r)? x Adx

= dl = Adx X x?

M
= dI = (x sin 8)? xfdx

(+r=xsinf)
- L
szdlzfsinZQszdx

0




Linear mass density of the two rods system, AC and CB is x. Moment of

Solution :

inertia of two rods about an axis passing through their centres as shown
IS

- 2z 1
© c0s45° 42

Mass of each rod, m = xL = x
V2

1/2

=

Moment of inertia of the two rods,

1/2

r= 2™ ginz a5
=>1=2|—— °
- 12 Sin
[ 2 T v

(7))

xl3

=>1=2 V2 \v2 ><l 3 2442

I 12 2. —

@} o

Xl3 4 2x13

= = 3 V3

24+/2 —

6v2

1/2



Pf] Moment of Inertia of a Thin Uniform Ring

R represents the distance of dm from the axis in this
case

M
dl = R?(dm) = R* x —d#
2T

“ 1=jd1 =jR2(dm)

MRZ 2T
5 [

MR2

— (2m)

dm = Adl = MRdQ—MdH "
ey 27R 27 ( . - \




Moment of Inertia

(P (%)thpa rt of a ring
’ )




—/] Moment of Inertia of a Thin Non- Uniform Ring

For a non-uniform ring,

Mm} ] = f(dm)RZ - sz(dm)

But, [(dm) = M

-



@ Moment of Inertia of a Thin Uniform Disc {

r represents the distance of differential element of mass
dm from the axis in consideration.

M 2M
dm = o(dA) = (W) (2nr)(dr) = Frdr

2 z_M i
I—r(dm)—(r) rdr Rzrdr

R
:jd[—j —r r—— r3dr

SE




Moment of Inertia

g £

1
Isection = ﬁ [Idisc]

=1 |

section —

1 [ (nM)R?

= —
section n

2 ] (~ Mgisc = nM)

MR?
2

dj (%)thpart of a disc

R M




= MOI of a Thin Uniform Hollow Cylinder

R is the distance of a thin ring of mass dm from
the axis

Moment of inertia of the elemental ring,

dl = R?*dm

~Moment of inertia of the cylinder,

I M

Jdl=jR2dm
0

0

-




¥ MOI of Some Standard Symmetric Bodies_

Shape Diagram MOl Shape Diagram MOI
1
ICOM®
Thin Thin
Uniform MR? Hollow MR?
Ring Cylinder M
I
i
Y Tt
Icomt D)

Thin D A , | R ]
Uniform [ MR Solid MR
8 |

I
Shape Diagram MOl
|
Ieom
|
Lally -
Hollow R‘ 2MR?2
Sphere 3
|
|
|
I
ICOM :
|
SYellfe! 2MR?2
Sphere R‘ s
|
|
|
|




Solution :

formed by bending the same rod, then

If I; is the moment of inertia of a thin rod about an axis perpendicular to its
length and passing through its centre of mass and I, is the moment of inertia
of a ring about an axis perpendicular to its plane and passing through its centre

Length of the thin rod = Perimeter of the ring = L = 2nR

Moment of inertia of the thin rod,

ML?> M(4mn?R?) m? .
= = — (MR?)
12 12 3

11:

Moment of inertia of the ring,

I, = MR?

L
12_77:2
L
I, m?2
I, m*
L
L, m*°




= Perpendicular Axes Theorem

‘“The moment of inertia of a planar body
about an axis perpendicular to its plane is
Q,) equal to the sum of its moments of
| Inertia about two perpendicular axes
| concurrent with perpendicular axis and
/L lying in the plane of the body”

I, = [

Note: It's only applicable for laminar / planar /2D objects



Calculate the moment of inertia of a thin uniform ring of mass M and

Solution :

radius R about the axis passing through its diameter.

By symmetry, Le=1,=1

Using Perpendicular Axis Theorem,
I, =L+1,

>, =1+4+1=2I

MR?
= MR? = 2I g 3
5 MR?
2
F SMR?
6
d MR?




O

Perpendicular Axes Theorem

The moment of inertia of a planar body
about an axis perpendicular to its plane is
Q_,_D equal to the sum of its moments of

| Inertia about two perpendicular axes

| concurrent with perpendicular axis and
)'\ lying in the plane of the body.

N - IZ = Ix + Iy
¥ M (X yi)

Note: It's only applicable for laminar / planar /2D objects



Thin Uniform Rectangular Lamina

Moment of Inertia about the x axis,
LM
X 12

Moment of Inertia about the y axis,
L _me
Yy 12

By Perpendicular Axes Theorem,

I, =1, +1,




Parallel Axes Theorem

(_________

Moment of Inertia of a body about an
axis parallel to an axis through COM and
separated by a perpendicular distance
d is given by,

Iyar = Icom + Md?
Where,

Lyar = (Isys)AA/

lcom = (IsyS)COM



Parallel Axes Theorem




Solution :

\

Find the moment of inertia of the two uniform joint rods having mass
m each about point P as shown in the figure, using parallel axes
theorem.

Moment of inertia of the system about the given axis,

l 900
Ip = (I)p+(I2)p ) g
@ [
S
= (Icom + md%) + (com + md%) [ _|900 /,// )2
E /////
2 7 1\> 5l
_fme V]|, (Vﬁl)] e+ () =55
~ 1z T2 12 T\ 72
@

B ml2+ml2 N mlz+5ml2
I EY) 4 12 4




o -

"

Four solid spheres each of diameter +/5 cm and mass 0.5 kg are placed
with their centres at the corners of a square of side 4 cm. If the moment

of inertia of the system about the diagonal of the-sguare-s
N x 10~* kg m?, then N is

Solution :

a=4m=4x10"?%m . , < Isys L JEE 201
_d_ 5 _\/gxlo_z !
"= 2.7 7 m 5
Isys=h + L+ +1, 4 5 L
. N

=(11+I3)+(12+I4) X 2 cm r:\/?gcm

= 2|2 mr? + m (= 2 7S

i m\/E g mr

=9 x 10~* kg m*

N =8 o 3




= Radius of Gyration

Distance (K) from the Axis of Rotation, where the whole mass of the rigid body can
be assumed to be concentrated as a point mass such that the MOI of the point mass

Is the same as that of the rigid body (I).

AN




Solution :

A thin disc of mass M and radius R has mass per unit area o(r) = kr?, where r is
the distance from its centre. Its radius of gyration about an axis through its
centre of mass and perpendicular to its plane is

J

Mass of the disc is given by, MOI of the disc about an axis passing through COM and

perpendicular to its plane is given by,

R

D I f r?dm

/dT 0

R
= jrz X kr? X 2mrdr
0

2R?> mkR*

R
M= |o(r)dA
/

R
M = j kr? x 2mrdr
0

R
M=27ka
0

dA = 2nrdr
r3dr

R
R IC = Zﬂkjrsdr
(0]

wkR®
IC= 3

M_nkR4
e 2



@ Pure Rotational Motion

\

v

A rigid body in motion, such that its axis of rotation remains
fixed with respect to the frame of reference performs pure

rotational motion, e. g., a hinged rod.

Thinge = Ininge®  (Newton's 2nd law for Rotation)

Where,
Ininge = Moment of inertia about hinge

a = angular acceleration of the body

/

G

2

4 Fixed axis

K

of rotation



-

Solution : L

_"l A solid sphere of mass 2 kg and radius 1 m is free to rotate about an axis
passing through its centre. Find a constant tangential force F to be
applied at the surface of the sphere to make it achieve an angular
speed of 10 rad/s in 2 s. Also find the number of rotations made by the
sphere in that time interval.

D

Given M =2kg,R=1m,w =10rad/sandt =2 s

Value of F
w=wy+at=0+2a=10rads™?!
a = 5rad/s?

T FXR  5F

a =

5F__ .
~2MR
. (2)(2)5(1)(5)

Number of revolutions

The angle rotated is,

g =2 t2—1(5)22—10 d
—Za =3 =10ra

Number of rotations,

4N,

SRS

2N,5

1N,

NS

3N,=




= Rotational Kinetic Energy

Rotational kinetic energy for a body rotating

about a fixed axis is calculated as- Fixed axis of

A
i rotation
|
|
|
|
|
|
|
|

w

1 2
(KE)yor = Z zmivi

1 - i ‘H\ \\
— _zmi(wri)z ) “\k ‘\ \\
y Hinge e A b L,
e Uy Vs f' 3
PN r 4

_1 2 2 e _
= —w m:r; _ -
2 L'l

1 2
(KE)rot= E w IHinge

e

1

Rotational kinetic energy = EIHingea)z



Radial

4

Pure Rotational Motion

Z(Fext)sys = maCM

Tangential

>

2
Z|(Fext)r| = mwerM =
'em
- deM
Zl(Fext)tl = m dt = Marcym

For a body performing pure rotational motion-

Thinge = Ihingea

1
Total KE = Rotational KE = EIHingewZ

Fixed axis of
rotation




@ Work done by a Torque

If a torque 7 rotates a body through infinitesimal
displacement df, then the infinitesimal work done is

dW =7-do

If Zand d@ are in the same direction, then

dW = tdo

6,
=>W=JdW=de0
601

If a constant torque t acts on the body, then
W =1(0, —6;)

> W = tAf



Solution :

Mass of the disc m; = M (Assume)

Mass of the hollow sphere m, = M

Radius of the hollow sphere r. = R (Assume)

Radius of the disc r; = 3R

Angular velocity of the disc w; = w (Assume)

Angular velocity of the hollow sphere w, = 2w

A circular disc and a hollow sphere of same mass are rotated about
their COM axes as shown. The radius of disc is three times the radius of
hollow sphere and disc rotates with half the angular velocity of the
hollow sphere. What will be the ratio of their kinetic energies?

A
|
Rotational kinetic energy of the disc, ]
|
|
1, l .

(KE)q = 5lawy ' b
2 I
1y [MX(3R) ] X ? = 2 MR%w? -
2 4 v

Rotational kinetic energy of the hollow sphere,

1 1_ ]2 4
- 2 == = 2 e 2,.2
(KE), _Elsws =X [3MR ]x Qw)* = s MR w

A

w 20

Ratio of (KE), to (KE)g,

9
(KE)q gMR*0* 27

(KE); 4

Rt (KE) oyl

(KE) i




r N

.I|| A mass m is supported by a massless string wound around a uniform
hollow cylinder of mass m and radius R. If the string does not slip on the
cylinder, with what acceleration will the mass fall on release?

Solution : %
: | JEE Main 2014
For the mass m, : a=Ra ..(1)
I «
mg —T =ma . mg-T=mRa ..(2) -
: T
|
Since the string does not slip on the hollow cylinder, + 7 _ jpy | (3) (
: -
|
|
— ! \
a=Ra ..(1) 1 Upon solving the equations, we get, T la
|
|
=>mg—T =mRa ..(2) ' 2
4 : mg = 2mRa a ?g
|
Torque about the centre of the hollow cylinder, : p )/
: g =2a b =
|
RT = la = mR?a |
)
: | =
> T =mRa ..(3) :
|
: d g
|
[




4 Centre of Gravity

The centre of gravity (G) of a body is the point at which the total
gravitational torgue on the body is zero.

© =X =XTiXmg=0

The COG and COM of a rigid body coincide when the gravitational field is
uniform across the body.

4 Angular Momentum

Angular momentum is the rotational analogue

of linear momentum. It is also called moment
of linear momentum.

« Axial vector

Always perpendicular to the plane of ¥ and p.

LOZFXﬁ

=y
[l
3
A {l)

- Slunit:kgm?/s

= m(7 X V)

v



>

Solution :

Since friction is absent, the
mechanical energy of the particle

A particle of mass 20 g is released with an initial velocity 5 m/s along the
curve from the point A as shown. The point 4 is at height A from point B.
The particle slides along the frictionless surface. When the particle
reaches point B, its angular momentum about 0 will be

(Take, g = 10 m/s?)

\

remains constant.

1 1

2

2 2

vi = vZ + 2gh

—mvs = =mvs — mgh

=52 + 2(10)(10)

vg =15m/s

Angular momentum of the particle
about point 0,

Lo = mvg(a + h)

=20% 1073 x 15 X (10 + 10)

Lo = 6 kgm?/s

vy




= Angular Momentum of a System of Particles

The total angular momentum of a
system of particles follows the
principle of superposition.

Lsystemo = L1,0 + Lao + L3 - .- Lyo

n
ﬁ
. Li,O
—

l

n

= ) G X Bo

=1

n

= = =

Lsystem,O o 2 mi(ri X vi)O
i=1



n
Lsys,O = Z m;(r; X v;) A Iaxis
: |
|
|

> Z(rj_mv)i (vv=rw)

Lsys = Io(l)

(Lsys)axis = laxis W



(¢, Translational vs Rotational Dynamics

Translational Rotational
Applied force causes change in linear The application of torgue causes change
momentum of the centre of mass. In angular momentum of a rigid body at
that instant of time.
. dPsys X dL oy
E(P‘sys)ext : dr z(Text)axis = %
. d(m{})sys = d[laxisa))]

dt dt
z(Fsys)ext - mc—isys E(fext)axis b7 Iaxisc_f
Force is the rate of change of Torgue is the rate of change of

linear momentum. angular momentum.



= Conservation of Angular Momentum

When the net torque acting on a system is zero about a given axis, then the total
angular momentum of the system about that axis remains constant.

!

L,.is = constant

Law of conservation of angular momentum is conditional and depends on axis.



f) 'A boy of mass M stands at the edge of a platform of radius R that can )

e | be freely rotated about its axis. The moment of inertia of the platform is
I. The system is at rest when a friend throws a ball of mass m and the
boy catches it. If the speed of the ball was v and was moving
horizontally along the tangent to the edge of the platform when it was

caught by the boy, find the angular speed of the platform after the
event.

\_
Solution : Z(f)ext -3

On “Platform + Boy + Ball” about axle,

-

L =L (about the axle)

mvR X +[0]=U+ M +m)R>)Dw X

Before catching After catching

the ball the ball

mvR

YT U+ M +mRD




Solution :

4 ™
III A thin smooth rod of length L and mass M is rotating freely with %
E angular speed w, about an axis perpendicular to the rod and passing
through its centre. Two beads of mass m and negligible size are at the
centre of the rod initially. The beads are free to slide along the rod. The
angular speed of the system, when the beads reach the opposite ends
of the rod, will be
. J
Applying the conservation of angular momentum,
b
M
*
Iia)i =If(1)f m m
M2 (MI2 L\ L\ a MM“);
F(DO— ?‘Fm(E) +m(§> w qw Eam
% f
. L 47 L 2 0 MM:):n
MI*w, = (ML? + 6mL*)w b 7 4 7
c M(UO
. Muw, M+ 2m
w_M+6m k
d Mw,
M + 6m




_||| A cubical block of side a is moving with velocity v on a horizontal
smooth plane as shown in the figure. It hits a ridge at point 0. The
angular speed of the block after it hits 0 is

Solution : a
a a T = =

o > /1\\) a

e i S e 4

T ; C V2 —>

% : v
L ; C is the COM of the block E r
M w
M @
0 0
Say, M is the mass of the block l 3. 3_”
4a
Net torque about 0 is zero. Thus, angular momentum about 0 is conserved. -
o. —
L =1 Mva [Ma? N Ma2 Mva 2Ma? &g
‘G 2 6 2 )97 2 2D
3v

g p) G C

=>Mv§=10w=(ICM+Mr Jw o0
o 2

MV§= ey + Mr4)w d. Zero




=5 Angular Impulse

When a rigid body is acted upon by an external torque for a short interval

of time, it experiences a sudden change in the angular momentum
known as angular impulse.

Like every other rotational parameter, angular impulse J is also defined
about an axis.



the force is applied.

i}l A rod of mass 2 kg and length 5 m is placed on a frictionless horizontal %
plane hinged about one of its ends. At the other end, a force
F'=20 N is applied for 0.1 s as shown. Find the angular speed just after

Solution Only force perpendicular to the length of rod will contribute to

change in angular momentum. @

[=5m

J = AL = T, At @ -
m=2kg N‘ 20N
i 0
F cos 60°! &0

1
Toxr = F c0s60° X [ = (20) <§> (5) =50 Nm

N: 20 N
-
1600

5rad/s
AL - IAC() = TextAt /
0.3 rad/s
ToxeAt 3T At ml?
= Aw = w = 7 — 12 I:T
m 0.1rad/s
3(50)(0.1)




[% Analysis of Combined Motion

Combined motion is divided into its pure rotational and pure translational counterparts for ease.

N\

= +
Combined rotation Pure rotation Pure translation
and translation about the COM of the COM

Velocity of point 4 on the rigid body w.r.t. origin 0 in the figure is given by,

-

UAZT_}B"‘aXF

Pure translation Pure rotation

Ll




= Combined Motion

|

The velocities and accelerations of various points of a
circular rigid body in combined motion are as shown.

vV + wr aAcm T ar
° > ® >
W a
wr ar
% /N v Aem Acm
- ® = e =
< > < >
T l wr r l ar
< ° > <€ L >




= Total Kinetic Energy

The KE of a rigid body in combined motion is

obtained by summing the KEs of its rotational
and translational counterparts.

KEiotar = KEyvor + KEtrgns

For a solid sphere of radius R rolling with
angular velocity w and linear speed of v, as
shown

1 2 L
KEsphere =§><§mR W +§mv0

m
KEsphere = E(ZRZ(”Z + 5v8)

X

A

Solid Sphere




Solution :

Find the linear speed of the cylinder.

A cylinder of mass 2 kg and radius 2 m is given a kinetic energy of 150/
and it rolls on a plane as shown. Angular speed of the cylinder is 5 rad/s.

Total Kinetic energy of the solid cylinder is given by,

KE = —Icoyw? + lmvz
total 2 CoOM 2 COM
1mR* 1
KEiotar = 2o - W +§mvCOM : w=5rad/s
R = 2m
1, mR?w? C > Vcom
EmvCOM = KEtota1 — 4 m =2 kg
,  2KEqm RPw?  2x150 (2)%(5)? KEtota1 = 1507
R — 2~ 2 2

w=5rad/s
2m

P

C

= 10 ms~1
b 100 ms™1!
@ 5ms~ 1

d 40 ms~1




=5 Total Angular Momentum

The total angular momentum of a rigid
body about an axis is obtained by adding
the angular momenta of (i) the body w.r.t.
COM and (ii)) COM w.r.t. the desired axis.

Lo = Lsyscm + Lem, o

Lo = Iepyw + (Fep X Mep) o

® For asolid sphere of radius R rolling with
angular velocity w and linear speed of v, as
shown

Solid Sphere




A solid cylinder of mass 5 kg and radius 2 m is rolling on the ground
with translational speed of 30 m/s and angular speed of 10 rad/s at the
instant considered. What will be the magnitude of its angular
momentum w.r.t. an observer sitting in the apartment at the height of

6 m.

Solution :

Mass of the solid cylinder, m =5 kg
Radius of the solid cylinder, r = 2m

Angular velocity, w = 10rad/s X

Perpendicular distance of observer from
the line of motion of COM, r' =4 m

From the definition of total angular
momentum,
LO == _<

1
—><5><22><10)+(5><30><4)

Lo = Iey@ + (Tey X MUcp)o Z

ZO = ICM(U X + MVUecpmTcm sinf e
Lo = 500 kg m?/s

1
Ly = —Emrzw + mvcyr’

>
l

600 kg m?/s

500 kg m?/s

240 kg m?/s

400 kg m? /s




[E Dynamics of Rigid Body Motion

Pure Rotation

A

o~

The best choice of axis is the one passing through the g i Fixed axis
fixed axis (hinge). ! b
\ = Hinge V)
. coM

1
|
Free Rotation v

The best choice of axis is the one passing through the

~ R

> Dsys = MUy
WM VcMm Acm

COM (parallel to the angular acceleration)

2

KEiotq1 = EMT/"%M + EICMCU




= Pure Rolling A

0
P P W
@ccccnna,. Leeesss @ . . -
I Y T, ; \ Particles of the wheel follow a path/loci called cycloid.
E———> Vem = @r The displacement of the COM in one full rotation is 27,
P ! where r is the radius of the wheel.
é
B P R The instantaneous velocity of the point in contact with
) i the road is zero. (No relative motion/pure rolling)
\a) Vem + wr (= 217)
° > W
v w
o CME l \ Ve
2 P
& —> wW°R «—e®
WR P Vem PT WR P Vem
< B > @] < @ >
® p Vp=vp=0 - S
Q vp — UQ Q "p 0] Q
_ Despite the instantaneous contact When the ground is at rest,
In the case of pure rolling, vp = vg point being stationary, the wheel Yoy < T Backward Slipping
continues rolling without slipping due
If the ground is at rest, vy =0 to its ongoing rotational motion. _
Vey = Wr Pure Rolling

K B The centripetal acceleration is same at
S Vp=Vey —0R=0 vey = wR all points on the periphery equal to w?R
P Peripnery €q " Vey > @T Forward Slipping



Instantaneous Axis of Rotation A

Instantaneous Axis of Rotation concept
helps us to treat the case of combined
motion as a case of pure rotational motion.

°
A 1AO
v
W ==
\ r
Uniform
Disc Al 4
m
T 1
TAOR
1 KEiotar = EIIAOR(UZ = E (Iem + mrz)wz
KEptq = Emvz + EICMwZ
1/1
1 1 /1 =5 (Emrz + mr2> w?
= Emvz S (Emr2w2>

KEiotar = vaz




= Velocities of various points

The velocities of various points of a circular rigid body in
combined motion are as shown.

v+ wr 2v
) > ® >
wr |&f s | / /q)\ |
He ® — e 4 ®
A T 7 lw‘r <\ r 7 \
V2v
«€ ® > )
wr % v=2_0

Pure rolling (v = wr)



Solution :

A sphere is rolling without slipping on a fixed horizontal plane surface.
e | Inthe figure, A is point of contact, B is the center of sphere and (C is the
topmost point. Then,

Say, VO Is the velocity of the sphere. Then,

— —

VC — VA = ZVO * 2([73 — I7c)

—

Ve=Vp=Vo =V =V,

|I_/)C — I_/)A| = ZVO = 2|I_/)B - ‘7C|

|I7C — I7A| = ZVO E= 4|I73|

Option a.is incorrect

Option b.is correct

Option c.is correct

Option d. is incorrect

B

.\mq
A




@ Kinetic Energy (Pure Rolling)

KEiotq1 = KEror + KE¢pans

1 1
= EICM(UZ + Emvz
1 1

= EICMa)Z + Em((mﬂ)2

= (Icy + mr?)w?

w

-




A circular disc of mass 2 kg and radius 10 ¢m rolls without slipping with %
a speed 2 m/s. The total kinetic energy of disc is

Solution :

KEiotar = E (ICM + mrz)wz

3
KEotar = Z(Z)(Z)Z =6]

KEiotq1 = 6] b 6]

v=2m/s v=2m/s

3 107




@ Accelerated Pure Rolling

For the centre of mass of rigid body in pure rolling motion,

_dvey  d(rw)
GeM =T T T ar

B dw

BT

Acy =T



@ Acceleration of various points

The acceleration of various points of a circular rigid body
In combined motion are as shown. (Ground frame)

( )
a-—+ ar

>

—l <1 >
< > l

r

by
T ar
< ° >
ar a
Q J

a = ar (Pure rolling)



.lII A solid sphere of mass 10 kg is placed on a rough surface having coefficient of friction u =
0.1. A constant force F = 7 N is applied along a line passing through the centre of the
sphere as shown such that it rolls without slipping. The value of frictional force on the
sphere is

Solution : \ J

Maximum value of kinetic friction,

fmax = umg =10 N

Equation for the translational motion,

F—f=ma : 7 N
| f_1+5 <"'I:§MR2>
—— F—f=maR ..(1) (~Assuming pure rolling) | 2 5
|
. . . |
Equation for the rotational motion, | =2N < frax
|
fR=Ia :
|
. | [ =i
a= fT () |
[ A
F
fmR? =
F—f= f mR?




@ Pure Rolling on an Inclined Plane &

For a body rolling w/o slipping on
a rough wedge,

u=0; wg=0

Linear and angular acceleration of
the body are constant.

v=u-+at =at

w=wyt+at =at

At all instances of pure rolling,

/

[

No force other than friction
induces torque in the body about
the COM.

In order to begin (and maintain)
pure rolling, frictional force will act
in the upward direction of the
incline.



_"l A rigid body of mass m, radius R, and moment of inertia I starts pure %

rolling on a wedge of height h as shown. Find out the time taken by the

body to reach the bottom of the inclined plane. K is the radius of
gyration of the body about the axis passing through its COM. (I = MK?)

Solution : )
| A7 Y ™
Force equation for the Time taken in reaching the bottom \
rolling body, m
N
RIS = T d = ut +~at? A 4 o e
. 2 \o )}/’% h
Torgue equation for the " Vi i
] mg cos 6
rolling body, n | oens ) | mg o , o
— =0+=X X t L N 4
fR =Ia sin 6 2 441
mR?
la ™
f=— (~a=aR) (
R2 2h (1 + [ ) gsin@
RZ a=

2 m o I
. la < g sinZ 0 o
| mgsm@—ﬁ:ma A




III A solid ball of radius r rolls down a parabolic path ABC from a height %
E h(>> r) without slipping as shown in figure. Portion AB of the path is
rough while BC is smmooth. How high will the ball climb in BC?

Solution : y ™
In portion BC, friction is absent. Therefore A QAt g C
only KE;,..ns Will be converted into potential 7,

energy. KE,,+ Will remain constant.

To find KE;rgns:

5 i
KEror  Iem  5™MF b

KEirqns mr:  mr2 B
A g/
KE,,, 2 ( R
KEtrans 5 ' Smgh At rest
: KEtrans 7 -":4 / :
KE—rot i 2 : (Umax
KE 7 S E.nergy Spent ( s’
Lot L mgh, g, = Tg ( in climbing h . t 1
! the other side % —_— Rmax
o 2mgh |
Tor : 5h
0 hmax = 7
|




Solution :

>

A string is wound around a hollow cylinder of mass 5 kg and radius 0.5 m. If the

string is now pulled with a horizontal force of 40 N and the cylinder is rolling

the string)

\

without slipping on a frictionless horizontal surface (see figure), then the
angular acceleration of the cylinder will be (Neglect the mass and thickness of

Given, m=5kg, r=0.5m

As the cylinder is rolling without slipping, horizontal
force F produces torque about the centre as shown.

t=rF (7 L1F)

F=40 N
Ja = 0.5 x 40 y
mra = 20
20
= =O
¢ =5 %052 it

40 N

Y



2 Pure Rolling on an Inclined Plane

® No force other than friction induces torgue
in the body about the COM.

® In order to begin (and maintain) pure
rolling, frictional force will act in the
upward direction of the incline.

-




Solution :

Since Weyiction = 0, Dy applying conservation
of mechanical energy,

(KEr + KEg); + U; = (KEy + KEg) ;s + Uy

0+ 0+ mghy
1, 1 2  (v\?
g(hl —h2)=—v +—-X—-R <_)

v 2
2-02)=—+—
g( ) > 13

>V

2

A hollow spherical shell starting from 0 rolls down a hill. At point 4, the
ball becomes air borne leaving at an angle of 30° with the horizontal.
The ball strikes the ground at B. What is the value of the distance AB?

2

_ 6x18%x10

1 1
= —mv? + =Ilw? + mgh,

0.

Horizontal range AB:

B v? sin 26
Y

_ 216 X sin(2 x 30°)
g

2 2

2 3 R

AB =1.87m

5

=21.6

Bl




Forward Slipping

The sphere is set into
combined motion (rolling
and slipping)

\CZ

fi

Frictional force provides
linear deceleration and
angular acceleration
(to initiate pure rolling)

| <

\ ,r-
%
—

fi=0

It starts pure rolling and
friction diminishes.



>

10 m/s?)

\

III A solid cylinder having radius 0.4 m, initially rotating with wy = 54 rad/s is
@ placed on a rough inclined plane with 8 = 37° having friction coefficient
1 = 0.5. The time taken by the cylinder to start pure rolling is (g =

N\

Solution :

Linear acceleration of the cylinder,
a=ugcosf + gsinb
= 0.5%Xx10cos37°+ 10sin37°
a=10m/s?

Angular acceleration of the cylinder,

4
szR =MngCOSH =2><05><10><§
] %mRZ 0.4
a =20rad/s?

Pure rolling will start when,

v=Rw

at = R(wy — at)

10t = 0.4(54 — 20¢t)

25t = 54 — 20t

"\

37° (
a

W\

w

72 a

o cQS]m
/ 37 f 7
mg cos 37° .

mg

37° (



