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Introductionto
Quadratic Equation
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ﬁ Key Takeaways

Polynomial

» Afunction f defined by f(x) = a,x® + ap_xX" 1+ -+ ayx + ay,
Where ay,a4,::+,a, € Ris called a real polynomial of degree n with real

coefficients (a,, # 0,n € W).
Example |
7
o f(x)=x°—-3x*+2x*-5x+4 : A polynomial of degree 5

o fX)=2x3+x*—x+1:  Apolynomial of degree 3

o fX)=x?+Vx+1 : Not a polynomial

5
o f(X)=x*+7x24+6x—-3  :Nota polynomial
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‘p ) Key Takeaways

Quadratic Equation

» A polynomial of degree two is called a quadratic polynomial.

f(x) =ax?+bx + c = 0,is a quadratic equation wherea,b,c €R, a # 0.

N |
ote )

» A quadratic equation will have tworoots.

> Rootsare given by x = _bi\/ﬁ WhereD(diSCI’iminant) = bz —4ac

2a V

\Return To Top




‘p CYAELCEWENS

Roots of Quadratic Equation

» Rootsof equation ax? + bx + ¢ = 0 are given by :

—b+VD
x —

——, Where D(discriminant) = b? — 4ac

E le |
xampe/

e Rootsof equationx? —3x+2=0

= 3894 L, . 32 _ g 5 (Real)
2(1) 2 '
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ﬁ ) Key Takeaways

Roots of Quadratic Equation

» Rootsof equation ax? + bx + ¢ = 0 are given by:

—b+VD
o= ,
2a

Where D(discriminant) = b? — 4ac

E le |
xampe/

e Rootsof equationx?+x+1=0

_ C1n1-4m@ o -1+/-3
2(1) 2

> X

Squareroot of a negative number is an
Imaginary number (V-1 =i (iota))

_ —1+V3i —1-V3i

=X p
2 2

(Imaginary)
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p/ Roots of quadratic equation x>+ 3x+ 9 = 0 are:

Given quadraticequationig?+3x+9 =0

Herea=1,b=3,c=9
Forax?+ bx+c=0
—b+Vb?—4

_ ~3+V9-36 rootsare x = ——> ~24¢
- 2 2a
_ —3+3V-3
o 2

_ —343vV3i

2

Return To Top
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Polynomial

P(X) = anxn + an_lxn_l + o + alx + ao, (an * 0 ,n (S W)

Where ay,a4,::+,a, € Ris called a real polynomial of degree n.

Note |
oe/

> Any polynomialequation of degree n with real coefficients has n roots.

> Arootof multiplicity k is counted as k roots.

Example /l

x2

x2

Return To Top

—2x+1=0has2roots.

—2x+1=(x-1)(x—-1) Rootsare:1,1



\ W

a»e

Equation Vv/s Identity

» A polynomial equation of degree n,having more than n roots is called an identity.

Thus, an identity has infinite roots.

Example |
7
(x —1)?2 =x? - 2x + 1is anidentity.

It is true for infinite values of x

» If quadratic equation ax? + bx + ¢ = 0 has more than two roots,

it becomes an identity.

Return To Top
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Equation Vv/s Identity

ax®’+bx+c=0is

» A quadraticequation:ifa+ 0
> Alinear equation:ifa=0,b #0
» A contradiction:ifa=b=0,c#0

> Anidentity:ifa=b=c=0



D/ Find the value of a for which the equation \ %

— (a’?—a—-2)x*>+ (a®? —4)x+ (a®> —3a+ 2) =0, has more than 2 roots ?

Solution:

For (a® —a — 2)x* + (a® — 4)x + (a®> — 3a+ 2) = 0 to be an identity:
(a?—a—-2)=0>(@+1)(@a—2)=0>a=-1,2---(i)
(a?—4)=0>a%2=4>a=-22-(ii)
(a?—=3a+2)=0=>(a—-1)(a—-2)=0=a=1,2-(iii)

By (i), (ii) & (iii) ,

a=2

Return To Top



— \ \ P

-p 5 (x—a)(x—b) , (x—b)(x—c) (x—c)(x—a) L . .
/ Prove that the equation i) + P o + Tl 1is an identity.

Solution: Itis a quadratic equation

On puttingx =a

(a—a)(a—b) (a—b)(a—c) (a—c)(a—a) —151=1
(c=a)(c=b)  (a-b)(a—c) (b—c)(b-a)

So,x = a is a root of equation

On puttingx = b

(b-a)(b=b) | (b=b)(b—c) , (b-c)(b-a) _ ~
(c—a)(c-b) + (a—b)(a—c) + (o) (b—a) 1=1=1

So,x = b is a root of equation

Return To Top



“a \ &

-ﬁ : (x—a)(x—=b) ., (x—b)(x—c) (x—c)(x—a) L . .
/ Prove that the equation i) + P o + Tl 1is an identity.

Solution: Similarly, On putting x = ¢

(c—a)(c—b) n (c—b)(c—c) 4 (c—c)(c—a) i
(c-a)(c-b) = (a-b)(a—c) (b-c)(b-a)

1=>1=1

So, x = c is a root of equation

Thus, it is an identity.

Return To Top



‘p ) Key Takeaways

Relation Between Roots and Coefficients

» Let aquadraticequationax?+bx+c =0,a # 0.hasrootsa &f.

So, by factortheorem: ax?+ bx + ¢ = a(x — a)(x — B)

ax? +bx+ c=a(x® —(a+ B)x+ af)

On comparing,

a+p= —g = sum of roots (S)

ap = ﬁ = product of roots (P)

\Return To Top




‘p ) Key Takeaways w\\

Relation Between Roots and Coefficients

> Let aquadraticequationax? + bx+c¢ =0,a # 0 has rootsa & f.

a+p= —g = sum of roots (S)

af =< = product of roots (P)

a

Note |
oe/

> If sum (S) and product (P) of roots is known then, the
equation can be writtenas:x? —-Sx +P =0

\Return To Top




‘p ) Key Takeaways

Relation Between Roots and Coefficients

Note |
oe/

> If sum (S) and product (P) of roots is known then, the
equation can be writtenas:x?—Sx+P =0

> If sum of coefficients of a quadratic equationis zero, then
oneroot is always 1. 7

Example /l

x> —-3x+2=0
x—1)x-2)=0

Theroots of the given equationarex =1 &2

\Return To Top




(i)% +§ (i) a® + B2 s

’ If « & B are the roots of the equation ax? + bx + ¢ = 0, then the value of \ {%

Solution :

Return To Top

(ii) a® + B2
=(a+p)*—2ap

_(_2)2_2_6
a a

__ b*-2ac

a?



—y \ If @ and B be two roots of the equation x* — 64x + 256 = 0. \ %
v 2 .
— Then the value of (%)8 + (%)8 is:

(JEE Main Sept 2020 + Feb 2021

Solution:  ~. - a and S be two roots of the equation x2 — 64x + 256 = 0.

as

x% —64x+256=0 ﬂ 3

To find (;—Zf + (ﬁ—3)§

Sa+f=64,aB =256

() + (8 = 2

 (ap)s

Return To Top 32



Difference of Roots

ame

> Let rootsof the quadraticequation ax?+bx +¢c =0,a # 0 be a and B.

Difference ofroots = |la — | =+/(a+B)?—4ap a+pf=-2
p==
aff ==

i (_2)2_4_c_ b2—4ac a
i a a a?
D
=>|a—ﬁ|=m . where D = b? — 4ac

Return To Top



= ] The quadratic equation whose difference of roots is 3 & and their \ %

i product is 4 can be:
Solution:

Given : The quadratic equation whose difference of rootsis 3 & and their product is 4

Let « and B are the roots of the quadratic equation

la—pl=3 If sum (S) and product (P) of rootsis
af =4 (i) knOV\Z/ﬂ then, the equation can be written
as.:x“—=Sx+P =0

(a +B)°=(a—pB)?+4ap
=9+4+16
=25
a+pf =+5-(ii)
From equation (i) & (ii)
x2+5x+4=0

Return To Top



\ \ o
V / The quadratic equation whose difference of roots is 3 & and their { U

— product is 4 can be:

x> +5x—4=0
y x°—5x+4=0

g x2+5x+4=0

ﬂ x2—-3x+4=0

Return To Top



’ / If « & B are the roots of the equation ax* + bx + ¢ = 0,
et then the equation whose roots are: a+2,8+ 2

Solution:

Given: a & B arethe rootsof the equation ax? + bx + ¢ = 0,
Tofind: a+2,8+2

Method 1:

a+2,06+2

Sum of roots = a + ,3+4=_§_|_4=4a—b

a

Productofroots=(a+ 2)(B+2>=aBf +2(a+B)+ 4

2b 4a—-2b+c
a a a
c c 4a—-b 4a—-2b+c
So, the equationis: x? — —x+——— =0

ax? —(4a—b)x+4a—2b+c=0

Return To Top



’ / If « & B are the roots of the equation ax* + bx + ¢ = 0,
A then the equation whose roots are: a+2,8+ 2

Solution: Given: a &p arethe rootsof the equation ax? + bx + ¢ = 0,
Tofind: @+2.,5 +2

Method 2: Using transformation (only possible when roots are expressed
symmetrically and explicitly in terms of a & )

a+2,0+2
Let the equationwhoserootsarea+2,8+2 isAy?+By+C =0

So,y=a+2,0+2
lLe.y =x+2,expressx intermsofy

x =y — 2, substitutein the given equation (ax? + bx + ¢ = 0)
aly—2)>+b(y—2)+c=0

Thus, the required equation is uy* —(4a—b)y + 4a—2b+c¢ =0

yo>x ~ax’?—(4a—b)x+4a—2b+c=0
Return To Top



F\ \ If « & B are the roots of the equation ax? + bx + ¢ = 0,
‘p/‘

then the equation whose roots are 2a, 2f :

Solution ;

Return To Top

Given: a & f arethe roots of the equation ax? + bx + ¢ = 0,
Tofind: 2a,2p

Using transformation( only possible when roots are expressed symmetrically
and explicitlyintermsof a & )

Let the equation whose roots are 2a, 2 isAy?+ By +C =0
So, y =2a,2f

i.e.y = 2x, expressx intermsof y

X = % substitute in the given equation (ax? + bx + ¢ = 0)

o(3) +o()+e=0

Thus, therequired equationis: gy2 4 2py + 4c = 0

Y—=X .ax?+4 2bx+4c=90



Session 02 |

Nature of roots &
Common roots

Return To Top



D / If A be the ratio of the roots of the quadratic equation in x, 3m®x?* + \ %

Solution:

Return To Top

m(m — 4)x + 2 = 0,least value of m for which 2 +— =1,is:

3m?x? +m(m—4)x+2=0

N
+
Il
—_

=™ IR

+

QA >R
Il

—_

a’+ p?%=af

(atB) = 3ap = (-mm=9)’_ 30

3m?2 3m?2
(m-9? _ 2.

9m?2 m2

= (m—4)?=18

m=4+18
=>m=4i3\/§

( JEE Main Mar 2021

2442
By 4-3v2
g ..



‘p ) Key Takeaways

Nature of Roots

» Considerthe equation:ax?+bx+c=0,a,b,c €ER,a # 0,D = b? — 4ac

\4

\4

\4

D >0
Real and distinct root

D=0
S||Real and equal root

D<O
Imaginaryroots

]

Example /|

x2—-3x+4=0

20 2 7 2
\Return To Top

D=9-4(D@) =-7
_3HV7i _ 3+V7i 3—VTi

» Imaginaryroots occurin conjugate pairsroots: a +iff,a — i

wherei=+v-1




‘p ) Key Takeaways

Nature of Roots

» Considerthe equation:ax?+bx+c=0,a,bc€R,a # 0,D = b? — 4ac

D >0
—| Real and distinct root

D>0
Real roots | 7

D=0
—| Real and equal roots

Not
oe/|

» For a quadratic expression to be perfect square of a linear factor i.e,
(px + q)? type, it's D = 0 ( since both roots will be equal)

Example /J (x—1)3%itsD=0

\Return To Top




’ / The values of k, for which the expression x% + (k + 1)x + 2k, can be \
— expressed as a perfect square of a linear factor is:

Solution:

Given expression: x? + (k + 1)x + 2k

4+ 2v3,4 - 23
D=0
= (k+1)>-8k=0 B 2++2,2 =2
>k2—6k+1=0

L E s
>k=3+2V2

2920202322

Return To Top



\

’ | The least possible value of a, for which the equation

——" 2x?+(a—10)x+= = 2ahas real roots

Solution:  Given: equation 2x2 + (a — 10)x +% = 2a hasreal roots.

=>D>0

_ 2 _ 33 _
= (a—10) 4><2><(2 Za)ZO
= (a—10)2—4(33— 4a) > 0
52 —4g—32>0

>(@a+4)(a-8)=0

A

\ 4

= a € (—oo0,—4] U [8,)

Thus, the least positive value of a is 8.

Return To Top



=! | Thesum of all integral values of k(k # 0) for which the equation \ %

£ J 2

2 . .
i — ——=>1inx has no real roots, is
x—1 x—2 k

[ JEE Main Aug 2021

Solution: 2

2 1
x—1 xX—2

2x—4—x+1 2

(x-D(x-2) &k
= 2x%>—6x+4=k(x—3)
=>2x2—x(6+k)+(4+3k)=0
For nosolution:D <0
(6+k)?—4-2(4+3k)<0

=>k?—12k+4 <0

k = +12iV214-4-—16 — = 6i4\/i

Return To Top



= \ The sum of all integral values of k(k # 0) for which the equation \ %

5 2 1 2 . .
i — ——=>1inx has no real roots, is
x—1 x—2 k

[ JEE Main Aug 2021

Solution: =1

+ = +

6 — 4/2 6+ 42

A
\ 4

> ke (6—4v2,6+4V2) 2k =1,23,,11

l Sn _ n(71;+1) J

Sum of all values of k

)

Return ToTop — 66



B, AE

/ If one root of the equation ix? —2(1+i)x+2—-i=0is2—i.
= then the other root of the equation is:

Solution:
Let the rootsof the equation ix? —2(1+i)x+2—-i=0
are:2—i,«a 2+
Sum of roots = 2(1i+i) ==2i(1+i)=2-2i
i—2
=>2—i+a=2-—2i i= V-1=2i*=-1
1_1i_ —i
SN i i
21

Return To Top



' Nature of Roots

» Forthe quadraticequation:ax? + bx +c=0,a,b,c €EQ,a # 0,
if D = b? — 4ac is a perfect square then

roots are rational.

Example/]

» 2x2—5x+2=0
D =25-4(2)(2) =9 (Perfectsquare)

513

—2x3 _1
x_2(2) _2’2

Return To Top



' Nature of Roots

» Forthequadraticequation:ax?+bx+c=0,a,b,c € Q,a #0,
if D = b? — 4ac is not a perfect square then roots are irrational which

occurin conjugate pairs: p ++/q,p — /4.

Example/]
> x2—2x—1=0
D =4—-4(1)(—1) =8:(Nota perfect square)

x=2i§ﬁ =1-v2,1+2

Return To Top



— The quadratic equation with rational coefficients, if one root of the \ e@
4 equation isvV3 +2:

Solution:

Given: one root of the equation is V3 + 2 X2 —4x—1=0

The roots of the equationare:vV/3+ 2, —/3 + 2

sum(s) =4
lxz —Sx+P=0 J
Product(P) =1

B 1 — O

_ . x2+4x+1=0
So, the equation will be

2 _ =
oax+l =0 x?+4x—1=0

Qe @

Return To Top



J

Solution:

Return To Top

Given equation: 6x?—11x+a =0

For rational rootsof 6x? —11x+ a = 0

D should be a perfect square

D =121-24a = k?

So,a=1:D =97 (nota perfect square)
a=2:D =73 (not a perfect square)

a =3 :D =49 (a perfect square)
a=4:D =25 (aperfect square)
a=5:D =1 (aperfect square)

So, 3 values are possible

The number of all possible positive integral values of a, for which the \ {
roots of the quadratic equation 6x%? — 11x + a = 0 are rational numbers ?

JEE Main Jan 2019

o
70



‘p ) Key Takeaways I %K\\\

Nature of Roots

» For the quadratic equation:ax? +bx+c=0,a=1,b,c €Z,
if D = b? — 4acis a square of an integer then rootsare integers.

/ Example /|

»> x2—5x+6=0

D =25-4(6)(1) =1:(Perfectsquare)

5+1
X == =2,3

\Return To Top




‘p ) Key Takeaways w\\

Nature of Roots

> __ —b+Vb2-4ac

= if b is integer then,
Integer Integer
T
N (RIS : : .
P Zb 4c _ |nteger2+|nteger i mteger’ ot

_ be an integer.
If b is odd then,

b? — 4a = (odd)?
v .

odd even

\ Return To Top




‘p ) Key Takeaways "*

Nature of Roots

b? — 4a = (odd)?

v .
odd even
odd odd
/ r
Cpiaa ' _odd + odd even .
az_.u.;......._ B 2 = > = Integer

Similarly rootswill be even
when b is even integer

\Return ToTop

5




p CYAELCEWENE

.//

Common Roots
» Consider two quadratic equations:

a,x?+ byx + ¢, = 0; ax2+byx +c, =0

Case 1: ] Exactlyone commonroot:
7

Let the common root be a
So, aia®+ bja+cy=0--(i)

a,a’+ bya + c, = 0+ (ii)

By cross multiplication,

2 —a 1

bycy;—bycq a1C2—A3Cq a,b,—a; b,

(04

\Return ToTop




ﬁ CYAELCEWENE

Common Roots

» Consider two quadratic equations:

a,x*>+ byx + ¢, = 0; a,x%+by,x +c, =0

Case 1: | Exactlyone commonroot:
v

\Return To Top

Z —-a 1

(04

bycy—bycq a;1C,—ACq aib,—a, by

_ bicyz—bycy | _ A1C;—0Cq

a;c; —azc1' a,b;—a,b,

Eliminating a,

l (a1C2 - azcl)z = (a1b2 - azbl)(b:lCZ - bzcl)

l

Condition forone common root




’ | The value(s) of k for which the equations x? — 5x + 6 = 0 and \ %
— x? + 2kx — 3 = 0 have exactly one common root ?

Solution:

Method 1:
x2—-5x+6=0

x2+2kx—-3=0

Condition for exactly one commonroot:
(—3-6)?=(2k +5)(15— 12k)

= 24k*+30k+6 =0

= 4k*+5k+1=0

= Uk+Dk+1)=0

>k=—-,-1

4
4

Return To Top



’ / The value(s) of k for which the equations x? —5x + 6 = 0 and \ %
— x? + 2kx — 3 = 0 have exactly one common root ?

Solution:

Method 2 :
x2—5x+6=0 2x=2,3

Substituting values in 2™ equation
x2+2kx—3=0

fx=2=24+4k—3=0 =>k=—L—1L
fx=3=294+6k—3=0=>k=-1

R — —1,_1
4

Return To Top



Common Roots

» Considertwo quadratic equations:

a,x*>+ byx + ¢y = 0; a,x?+by,x +c, =0

Case 2: | Bothrootsarecommon:
2

Condition:

a _b _ g

a; b, C2

Return To Top



Solution:

Return To Top

If the equations x?+ 2x+ 3 =0 and ax?*+ bx + ¢ = 0,(a, b, c € R), have a\ %

common root, then a:b:c is:

—1+ V2
x*4+2x+3=0 D<O0
—1—iV2
Sincea,b,c €ER
Equationswill have both rootscommon
(Imaginaryroots occurin conjugate pairs)

a:b:c =1:2:3

AIEEE 2013
BRI 2
By  1:2:3
3:2:1
ﬂ i%3: 2



Session 03 |

Graph & Sign of
Quadratic Expression

Return To Top



g \ Let 1 # 0 be in R. If « and B are the roots of the equation x? —x + 21 = O,\ %

it and a and y are the roots of the equation 3x? —10x + 271 = 0, then % IS -

equal to ( JEEMain Aug 2021

Since a is the common root,

a’?—a+21=0--(i)

3a2—10a+ 271 =0--- (ii)

3(i)— (ii), a =342 Substitutingin (i),
922 —-1=0

291-1)=0 (A+#0)

1
>A=-
9

af =2A; ay =91

By 18A% 1812 2
—_— = == = 1
SO' A azi 9124 A 8

Return To Top



‘p Key Takeaways

Graph of Quadratic Expression
Fory = f(x) =ax?+bx +c¢,D = b* —4ac;a,b,c € R,a #0

y=ax’+bx+c 2y= a(x2+§x)+c
oye afet sz 2o (2 - () e

2 p)
=y = a(x+£) —Z 4
2a 4a

2 2 2
b b“—-4ac _ b\" D
=Y = a(x+5) _( 4a ) =Y = a(x+2a) 4a
Ifa > 0: Ymin:—f_aatX=—2%
Ifa<0:ymax=—f—aatx=—i

\Return To Top




‘p ) Key Takeaways '

Graph of Quadratic Expression (T 4 \\l
|

| |

Fory = f(x) =ax?+bx +c¢,D = b* —4ac;a,b,c € R,a # 0 : :

| I

b\ D | R :

y: a(x+2_a) —4_a : » 0( I2(1 ) B =:

| : '

If a > 0: Mouth opening upward parabola : 0,c) :

D N
() D >0 \___((EZE)___V ________ /

Tworeal and distinctroots: a,

Vertex V: (—3,—3)
2a 4a
D b velon
ymin——aatx——z Range.ye[ 4a,OO)

\Return To Top




ﬁ ) Key Takeaways

Graph of Quadratic Expression
Fory = f(x) =ax?+bx +c¢,D = b* —4ac;a,b,c € R,a # 0

[
I
I
I
I
. I
b D I
y=ala+) & |
I
I
I
I
I
I

If a > 0: Mouth opening upward parabola

I

I

I

I

I

I

I

i

| 7@ |
- I

(ii)D=0

| Axis of parabola
Real and equal roots: a N 4

Vertex V: (—i, O) Graph of a parabolais always symmmetric w.r.t its axis
D b
Ymin = —,-atx=—— Range:y € [0,)

f0)=c

\Return To Top




‘p ) Key Takeaways

Graph of Quadratic Expression
Fory = f(x) =ax?+bx +c¢,D = b* —4ac;a,b,c € R,a # 0

- aler )2

If a > 0: Mouth opening upward parabola
(iii) D< 0

Imaginary Roots

b D

Vertex V: (— P E)

D b o _[.D
Ymin—_aatX—_; Range.ye[ 4a:°°)

f0O)=c

\Return To Top




’ \ Draw the graph and find the range for the following quadratic \ %

/ expression: y = x? —3x + 1.

Solution:

y=x%2-3x+1

a=1 >0 (upwardparabola)

A

\ 4

D=9-4=5 >0 (cutx-axisattwo points)

__b _3
C.2 2a 2
D 5
Vo===__2
y 4a

c =1 (cuty-axis onthe positive side)
D 5
Range:y € [—4—a,oo) >y E [—Z,oo)

Return To Top



®
' > Graph of Quadratic Expression

y = f(x) = ax? + bx + ¢,D = b* — 4ac;a,b,c ER,a # 0

= aler) -2

2a

If a < 0: Mouth opening downward parabola

A

(i)D>0

Tworeal and distinctroots: a, 8

Vertex V: (—2%, —ﬁ)
f0)=c

) b : 1)
Ymax = __aatx:__a Range.ye(—oo,—4a

Return To Top



®
' > Graph of Quadratic Expression

y = f(x) = ax® + bx + ¢,D = b* — 4ac;a,b,c € R,a # 0

2
b )
y=alety) -

V(a)

A

If a < 0: Mouth opening downward parabola

(ii) D=0
Real and equal roots: a

VertexV: (— 2%, 0)

f0)=c

D b
Ymax = —,-atx =—— Range:y € (—oo, 0]

Return To Top




i ) Graph of Quadratic Expression \ %

y=f(x) =ax?+bx +c,D =b* —4ac;a,b,c ER,a+ 0 0 (—%IO)
B A
y=a(x+3) —u

If a < 0: Mouth opening downward parabola

(iii) D< O

Imaginary Roots

Vertex V: (—3,—2)
2a 4a
f(0)=c
D b D
Ymax = —,zatx =—— Range:ye(—oo,—:a]

Return To Top

\4



?/ Find the range & draw the graph of the quadratic expression:

—— P
y=-x%+2x-3

a=-1<0 (downward parabola) 0

(1,0)

A

D =4—12= -8 <0 (does not cut x-axis)

V
b 2
e
D -8
= o -

Range:y € (—oo, —E]

4a

¢ = —3 (cut y-axis on the negative side)
Return To Top

\4



‘p ) Key Takeaways

Sign of Quadratic Expression

y=f(x)=ax?*+bx +c,D=b%—4ac;a,b,cER,a#0

For,a>0

I
I
I
I
I
I
I
I
I
I
\

\Return To Top

fx)<ovxe (ap)

|
I
I
I
I
I
I
I
I
I
I

Tworeal and distinctroots: a,

f(x)>0Vx€(—o0,a)u (B, x)

A
A\

Real and equal roots: a, a

f(x)>0vxeR-{a}
f(x)<0Vx €¢

|
I
I
I
I
I
I
I
I
I
I




‘p ) Key Takeaways

Sign of Quadratic Expression

y=f(x)=ax?*+bx +c,D=b%—4ac;a,b,cER,a#0

For,a>0
(iii)D< 0
/ pisa—— .
|/ \l Imaginary roots
|
| fX)>0VxeR
| |
|
| I fx)<O0VxeEP
|
’ 0
|‘ »
| 0 I
\\_____v ________ //
Note)
7
Ifa>0,D<0,thenf(x)>0Vx€eR
\Return To Top




’ ' The integer k for which the inequality x? — 2(3k — 1)x +8k?* —7 > 0 is valid\ %
—— for every x in R is:

[ JEE Main Feb 2021

Solution:

For x2 —2(3k— 1)x+8k%—7> 0 ‘ 3 I B 2

l Ifa>0,D<0,thenf(x)>0Vx€eR J

= (23k—1))° - 4(8k2—=7) <0
= (3k—1)2— (8k2 —7) < 0

=>k*—6k+8<0

= (k—4)(k—2)<0 ot N O
< | | >
>2<k<4 2 4

Return To Top



i > Sign of Quadratic Expression

y = f(x) = ax? + bx + ¢,D = b* — 4ac;a,b,c € R,a # 0

For,a< 0
(i)D>0

A

—= _|_ o
a/ O

\ 4

Two real and distinct roots: a, 8

f(x) <0VxE€ (—o0,a)U (B, x)
f(x)>0vxe (ap)

Return To Top

(ii) D=0

A

\ 4

Real and equal roots: a, a
f(x) <0Vx€eR-—{a}

fx) >0vx €



o
. Sign of Quadratic Expression

y = f(x) = ax? + bx + ¢,D = b* — 4ac;a,b,c ER,a # 0

For,a< 0
(iii)D< 0
4 Imaginary roots
f(x) <O0OVxeER
A 0 RSREE f(x) >0VxeE ¢

/

Note /I

Ifa <0,D <0,then f(x) <0OVx€ER

Return To Top




?/ In which of the following graph(s) of the quadratic expression
it f(x) =ax?+bx +c,isabc <0 ?

B 5

/

v
A

A

\_/ l\/ g
v
a>0 a>0
b b
——>0=>b<0 ——>0=>b<0
2a 2a
c<O0 c>0
~abc>0 ~abc< 0

Return To Top



Return To Top

In which of the following graph(s) of the quadratic expression

f(x) =ax?+bx +c,isabc <0 ?

a<0

2 c0=2b<0
2a

c<O0
~abc< 0

A

AN

\ 4

7R

\4

a<0

2 c0=3b<0
2a

c>0
s~ abc> 0



V ' In which of the following graph(s) of the quadratic expression

f(x) =ax*+bx+c,isabc <0?

Return To Top



 Session 04 \

Range of Quadratic
Expression & Introduction
to Location of Roots '

Return To Top



= \ If the roots of the equation ax* + bx + 1 = 0 are non-real complex, then \ %

which of the following is/are true ? -

Solution:

Let f(x) =ax?+bx+1 a+b+1>0 ]

Rootsare imaginary.:D <0 (0,1)
: 4a—2b+1<0

A
v

CH-N-EC

=
c >0 0

Thus, parabolais upward opening. a+3b+9<0

1)=a+b+1>0
fQ a—b+1>0 J

f(=2)=4a—-2b+1>0

fG)=2+2+1>0=a+3b+9>0

f(-D=a-b+1>0
Return To Top



‘p ) Key Takeaways A \j&\w

Range of Quadratic Expression (in a given interval)

y=f(x)=ax*+bx+c;a,b,cERa#0 D =>b?-4ac

When x € R
/ > Ifa>0,

Range:y € [—%,oo)
> Ifa<,

Range:y € (—oo, —%] 7

\Return To Top




‘p ) Key Takeaways w\I

Range of Quadratic Expression (in a given interval)

y=f(x)=ax*+bx+c;a,b,cERa#0 D =>b?-4ac

When x lies in interval [x4,x,]

(@) If —2% € (xy,x,) Rangeiy e [min{f(xl),f(xz),—fa},max{f(xl),f(xz),—%}]

I
I
|
I
I
I
I
I
I
I
I

\
\Return To Top




e ) Key Takeaways i \l\@\\

Range of Quadratic Expression (in a given interval)

Range:y € [min {f(x1)'f(x2):—4%}'max{f(xl)'f(xZ)'_%}]
Example/l

/ e I )

» max{—3,4,9} =9

\Return To Top




‘p ) Key Takeaways w\\

Range of Quadratic Expression (in a given interval)

y=f(x)=ax*+bx+c;a,b,cERa#0 D =>b?-4ac

When x lies in interval [x4,x,]

(i) If — 2% € (x1,x2) Range:y € [min{f(xy), f(x,)}, max{f(xy), f(x,)]}]

\Return To Top




@ \ Find the range of the following quadratic expressions \ %
/ (y=-2x*+5x—1,x €[-3,-2] (iDy=x*—x>—1,x€R

Dy=f(x)=—-2x*+5x—1
y € [min{f(x,), f(x2)}, max{f(xq), f(x,)}]

¢ [-3,-2]

& |

Ve =
f(=3) = =34;f(=2) = -19

Range:y € [—34,—19]

Return To Top



=. | Find the range of the following quadratic expressions \ %
(y=-2x*+5x—1,x €[-3,-2] (iDy=x*—x>—1,x€R -

(i)y=x*—x?-1,x€R

Yy € [min{f(xﬂ»f(xz);—%} ) max{f(xl),f(xz),—%}] J

Let x2 =t,t €[0,00)

So,y=t? —-t—-1

V=~ €[0,00)
FO)=-1;£(3) ==2;f(e0) >

Range: y € [—Z,oo)

Return To Top



xz—x+1

’/ Find the range of f(x) = e

Solution:
-x+1
lety=2—%
y x2 +x+1

On cross multiplying,
x’y+xy+y=x—-x+1
2y-D+x(y+1)+y—-1=0
Since rootsare real

y-D+xy+1)+y—-1=0

Return To Top

eER



’ Find the range of f(x) = il |

24x+1’

Solution;

Sincerootsarereal x*(y—1)+x(y+1)+y—-1=0

Casel:y#1,D =0
(y+1)2%-4(@y—-1)%=0
= @By—1)(y+3)=0

=>By-1)E-3)<0

A

W= -1

syeli 3]

Return To Top

\4



21 x+1

’) Find the range off(x)—x_erl eR \\ %

Solution:

Case2: y=1 x2(y—D+x(y+1)+y—1=0
On putting,y =1, in equation Casel:y#1,D =0

We get x = 0 vel33|--®

So,y =1--(ii)

By (i) & (i),

velts)

Return To Top



= )
2

If the range of expression y? + y — 2 is [a,b] where y =

Then find the value of (b — a).

3’:1-2:;2

On cross multiplying,
x?y—2x+y=0,x€R
Casel:y#0,D=>0
4—4y2>0=>y2-1<0

y €[-1,1]-{0}- (D

Case2:y=0=>x=0
y € {0}--- (ii)
By ()& (ii),y € [-1,1]

Return To Top

2%
, & x € R,
1+4x2

\ W



& x € R, \ %

2 )

—y \ If the range of expression y? + y — 2 is [a,b] where y = 1?;2 :

Then find the value of (b — a).

Rangeof f(y)=y2+y—2,y € [-1,1] y €[—1,1]

v, = —% e [-1,1]
f~0=-2f(-3)=-3fW=0
Rangeis [—Z,O]

h_g=
& a_4

Return To Top



‘p ) Key Takeaways

Location Of Roots

\Return To Top

Let the quadratic equation be: ax? + bx + ¢ = 0;a,b,c ER&a # 0
ax?+bx+c =0 Dividethe entire equation with x2 coefficient
S>x2+2x4+5=0

a a
Case 1: Bothroots of are greater than a specified number k
» D=0

> f(k)>0

> -2 sk

(
I
:
I
I
I
I
2a I
I
I




’> The range of value(s) of m, for which both roots of the equation

x?—(m—-3)x+m=0,m € R, are greater than 2, is:

Solution:

ONEX)

> (m—3)2—4m=0
>m?—-10m+9>0
>(m-1)(m-9)=>0

=>m € (—o,1] U [9,0) - (i)

(i) f(2) >0

=24-2m—=-3)+m>0
=>m < 10-- (ii)

Return To Top

(i)D>0
(ii) f(k) > 0

. b
(iii) = ook k

A

v

v



’ \ The range of value(s) of m, for which both roots of the equation \ %
x?—(m—-3)x+m=0,m € R, are greater than 2, is: -

Solution:
(iif) — = > 2 ()D=>0
:>mT_3>2 (ii) f(k) >0
b
S>m—7>0 T
=>m > 7---(iii) m € (—o0,1] U[9,00) --- (i)

By (i), (i) & (iii), —m <10---(ii)

m € [9,10)

Return To Top



®
i Location Of Roots \\ %

Let the quadratic equationbe:ax? + bx + c = 0;a,b,c ER&a # 0
ax?+ bx +c =0 Dividethe entire equation with x2 coefficient
) b c
>x“+-x+-=0
a a
Case 2: Both roots are less than a specified number k
> D=0 i

> f(k)>0 \

b
> —£<k

A
e

Return To Top



@) Let 4x* —4(a —2)x+ a—2 = 0,( a € R) be a quadratic equation, then \ %

77 the value of a for which both roots are less than % IS

(i)D=>0

())D=>0

4x?> —4(a—2)x+a—-2=0
(i) f(k) > 0

D>0=16(a—2)2—16(a—2) =0

WQ—%<k

A

= (a@—-2)(@—-3)=0

= a € (—o0,2]U[3,00) (i) J
@ f(3)>0
fE)>031-2(a-2)+a-2>0

=23—-a>0=>a € (-ox,3) (i)

Return To Top



= > Let 4x? —4(a—2)x+a—2 =0,( a € R) be a quadratic equation, then \ %
the value of a for which both roots are less than % IS:

a € (—,2] U [3,0) - (i)
()D=>0
3—a>0=a € (—x,3)-(ii) (2) f(k) >0
@) 21 () =g <k * s
a 2

(RPNl
_Za 2 \ 4

a—2 1
= > <2

= a < 3 - (iii)

By (i), (i) & (iii), « € (—0,2]

Return To Top



More about Location

of Roots

Return To Top



Location of roots \\ %

Let the quadraticequation be: x? +2x+5=0 ;abceER&a%0
a a

Case 3: k lies between the roots OR one root is greater and other is lesser than k

> f(k)<0 4

\ 4

A

Return To Top



> )

(a* —a+2)x*+2(a—3)x + 9(a* - 16) = 0 are of opposite sign, is:

Solution:

Let f(x)=(a®?—a+2)x*+2(a—3)x+9(a*—16) =0
H_/
>0

2(a—13) 9(a* — 16)

f(x):xz+(a2—a+2)x+(a2—a+2)

If rootsare of oppositesign,

=o | Therange of value(s) of a for which roots of the equation

\4

A

\4

£(0) <0 z(z(zai;i62))<o
> at—16<0 L
> @ -4(@+4 <0 2
>@-2(a+2)<0  ~ae(-22)

Return To Top



V/ The range of value(s) of a for which roots of the equation \ %
i (a® —a+2)x?>+2(a—3)x +9(a*— 16) = 0 are of opposite sign, is:

Ay 22
ﬂ (~o0,2)

(—o0,—2) U (2,00)
ﬂ (=2,2) - {0}

Return To Top



‘p ) Key Takeaways

Location of roots

Let the quadratic equation be: x?2 +§x +§ =0 ;a,bceR&a=#0

Case 4 : Bothroots lie between k; & k,

/ > D=0
> f(ky)>0

> fl) >0

b
>k1<_£<k2

@eturn ToTop




r] \ The range of value(s) of a, for which both roots of the equation \ {%
ﬁ/ (a—2)x*+2ax+a+3=0,a €R— {2}, lies between (-2,1), is:

Solution: Case 4 : Both roots
(a—2)x*+2ax+a+3=0 lie betweenk, &k,
2a a+3 > D>0
—_ 2 f—
Let f(x) =x +a—2x+a—2 0
( 2a )2 <a+3> > f(ky) >0
>D=>0= —4 >0
-2 a—2

> f(ky) >0
s>a’?—(a-2)a+3)=0=>a<6-(i)

b
>k1<__<k2
4a a+3 L

>0
(a—2)+a—

> f(=2)>0=>4—

=

>0 + i , T

A

a—2

\4

= a € (=,2) U (5,0) - (ii)
Return To Top



p \ The range of value(s) of a, for which both roots of the equation
ﬂ/ (a—2)x*+2ax+a+3=0,a €R— {2}, lies between (-2,1), is:

Solution:
(a—2)x*+2ax+a+3=0
=a< 6 (i)
Let = +— +22=0
flx) = x? a—2 = a € (—,2) U (5,00) - (ii)
> F(1) > i
~ + I I l + .
< | 1 =
1
_1 2
=}’4a+1>0 4
a—2

= a €(—o0,—1) u(2,0) - (iid)

>—2<—2%L<1:>—2<—L<1

Return To Top



r] \ The range of value(s) of a, for which both roots of the equation
ﬁ/ (a—2)x*+2ax+a+3=0,a €R— {2}, lies between (-2,1), is:

Solution:

Let f(x) = x? +— +a—+2—0

>-2<--2<1

a—2
_2<_L
a-2
2 412>0 —ar2att S )
a—2 a—2
:>a—_4>0
a—2
—r =4+
2 4

a€ (—,2) U (4, 0)

Return To Top

(a—2)x*+2ax+a+3=0,a#2 =a<6- (i)

=>a € (—00,2) U (5,00) - (ii)
Sa € (_“'_71;) U (2,00) - (iii)

_L_1<0
a—2 1
-2
:>—CL a+2<0 $2—2a<0
a— a—2
=>a—_1>0
T—
T } . N
1 2
a € (—00,1) U(2,)

=a €(—00,1)U (4,00) - (iv)



p \ The range of value(s) of a, for which both roots of the equation \ {%
ﬂ/ (a—2)x*+2ax+a+3=0,a €R— {2}, lies between (-2,1), is:

Solution:

Let f(x) = x? +%x+

By (0), (id), (iid) & (iv),

a € (—oo,—i) u (5,6]

Return To Top

(a—2)x*+2ax+a+3=0,a2 =a<6- (i)

a3 _ > a € (=0,2) U (5,e) - (i)
a—2 \

= a € (—o0,—2) U (2,00) (i) N b
4 \\ Ve
/
\\ v

=>a € (—00,1) U (4,0) - (iv) BESC] \./ 1




V \  Therange ofvalue(s) of a, for which both rootsof the equation
y (a—2)x*+2ax+a+3=0,a €R— {2}, lies between (-2,1), is:

(~o0,6)

(~oo, —i) U (5,6]

(02 v .

B @e¢

(—o0,6]

Return To Top



‘p ) CYAELCEWENS : v\\\\\

Location of roots
Let the quadraticequationbe: x2 +2x4+5—=0 :a,b,c e R&a = 0
a a

Case 5: Exactlyone root lie between k, & k,

o — — — — — — — e

/ |( } |( } > f(ky) - f(ky) <0
| | | |
| | | |
| . |

| ;

| Lol Lk |

( EEFFEFE R R G T T Ny flky) - flkr) =0
| | | |
| | | |
| | | |
| | | |
| | I |
e Bl R iFiEEEss)
{ ) { )
\Return ToTop—— "~~~ —— ——— el e i




o ) Key Takeaways * \j\\\

Location of roots
Let the quadraticequationbe: x2 +2x4+5—=0 :a,b,c e R&a = 0
a a

Case 5: Exactlyone root lie between k, & k,

> f(ky) - f(ky) <0 OR > f(ky) - f(ky) =0

N
ote /|

> Inthe condition f(k,) - f(k,) = 0 exclude the cases
when therootsare k, or k, or both.

—_——————— — — — — — — — —— — — — — e e e e e e — — —

3

@eturn ToTop




@) Find all values of b so that the equation x? + (3 — 2b)x + b = 0 has exactly one \ %
i rootin (—1,2): ' =

Solution:

fx)=x>+B—2b)x+b

OR
2 kl kz

> flky) - f(ky) <0 > f(ky) - f(ky) =0

Return To Top



@ \ Find all values of b so that the equation x? + (3 — 2b)x + b = 0 has exactly one \ %
/ rootin (—1,2): -

Solution:
fx)=x>+B—2b)x+b

f1D-f(2)<0

(1-(3—-2b)+b)-(4+(3-2b)-2+b) <0 2

(3b—2)-(10—-3b) <0 > f(ky) - f(ky) <0

(3b—2)-(3b—10)>0

\ 4

w N

b € (—oo,z) U (E,oo) . (1)

3 3

Return To Top



Eb \ Find all values of b so that the equation x? + (3 — 2b)x + b = 0 has exactly one \ %
/ rootin (—1,2):

Solution:

fx)=x>+B—2b)x+b

> fUer) - fle) = 0 2
f=1D-f(2)=0
=>1-B-2b)+b) - (4+(B—-2b)-2+b) =0
(3h—2)-(10-3b) =0

Return To Top



@) Find all values of b so that the equation x? + (3 — 2b)x + b = 0 has exactly one \ %
i rootin (—1,2): '

Solution: Note |
7

fO)=x*+@B—=2b)x+Db » Inthecondition f(k,) - f(k;) = 0 exclude the cases

Sp = {E E} when both therootsare ky or k, or k4, k.
I & )\ 174
Ifb==--(ii)

=3x2+5x+2=0

=3x2+3x+2x+2=0

= Bx+2)(x+1)=0

>x=-1 andx=—§ —EE(—LZ)

Return To Top



@) Find all values of b so that the equation x? + (3 — 2b)x + b = 0 has exactly one \ %
i rootin (—1,2): '

Solution: Note |
7

fO)=x*+@—2b)x+Db » Inthecondition f(k,) - f(k;) = 0 exclude the cases

2> 10 when boththerootsare k, ork, or kq, k,.
=b={2} | 7
If b =22 (i) -2 €(-1,2)

=>x2+(3—2><?)x+?=0

=3x2—11x+10=0

=3x2—6x—5x+10=0
=>0Bx-5k-2)=0
=>x=2andx=§

€1 e (-0 u[20)
Return To Top



Location of Roots

Let the quadratic equation be:  x* +§x +§ =0 ;a,bceER&a+0

Case 6:k, & k, lie between the roots OR

oneroot is less than k; and another is
greater thank,

> f(k) <0

> flky) <0

Return To Top



@ / If @, B are the rootsof the quadratic equation x? — 2p(x— 4) — 15 = 0,thenthe set \ {%
of value(s) of p, for which one rootis less than 1 and other is greaterthan 2, is: B

Solution: x2—2p(x—4)—15=0

> f(1)<0 =1 —-2p+8p—15<0
7
>p <5 @)
> f(2)<0 24+4p—15<0

11 y
>4p—11<0=>p <Z---(u)

By (1) & (id),p € (—o0,2)

Return To Top



0 ) éKey Takeaways \ A

Pseudo Quadratic Equation

It is an equation that can be transformed into quadratic equation using an

appropriatesubstitution.

Example/l

» Vx +2x—3=0,can be convertedintoquadratic by substitutingyx =t

=>t+2t2-3=0
> (x?+x)?2—(x*+x)—5=0, can be converted into quadratic by

substitutingx?+x =t

>t2—t—5=0

\Return To Top




’ | Iftheequationx* —Ax? +9 = 0, has four distinct real roots, then 1 lies in the \ %

) interval :
Solution: |etx2=t¢, t e [0,0)
fR)=t>2=A+9=0--(i) t>0>x%=+ve
= two real and distinct values of x B (0,00)

. 2
£=0=x%=0 (6.09)

= x = 0 (only one value)

(0,0) t<0=x%=—-ve ﬂ (—o00,—6)

= two imaginary values of x

For 4 real and distinct values of x

equation (i) should have two distinct positive roots.

Return To Top



’ \ If the equation x* — 1x? + 9 = 0, has four distinct real roots, then 1 lies in the \ {%

/ interval :

Solution: |etx2=¢ te [0,00) f(t)=t2—At+9=0--(i)

> D>0 \\ //
=12 -36>0 EO-,O)\\/ >
=>@A+6)(1-6)>0

= A € (—00,—6) U (6,00) --- (ii) + i +

A

> f(0)=9>0=1€R- (i)

b
——>0> e
> 2a A>0-(iv)

By (i), (iii) & (iv), 1 € (6,0)

Return To Top

(~o0,~6) U (6,9)
B .



=% ' Find the values of m for which the equation x* + (1 — 2m)x? + (m? — 1) = 0 has three\\ {%

v real distinct solutions

Solution: We have,
f)=x*+1-2m)x*+(mM?>-1)=0
Let, x2 =t
S>f)=t?+1-2mt+(m?>-1) =0
/ \

t1: xz tz =X2
X1 =+t xz__\/a x3:+\/g x4:_\/€
N J
Y

Threedistinctreal rootsiff t; >0 & t,=0

Return To Top



=% ' Find the values of m for which the equation x* + (1 — 2m)x? + (m? — 1) = 0 has thre:\ {%

e real distinct solutions

Solution: Ve e . /
fO=t>*+1-2m)t+(m?-1)=0 / 0 -
\ N
ASt1>0&t2=0
1.D >0 1. D>0
= b? —4ac>0 2 e
3. IR0
>(1-2m?—-4(m?*-1)>0 2a

> —-4m+5>0

=30 E(—OO,Z) =A

Return To Top



e real distinct solutions

Solution: We have,

fW=t?+1-2mt+(mM*-1)=0

ASt1>0&t2=0
2. f(0)=0

>m?—-1=0

>m=+1=8B

A

/ i
. 5
3.-2>0
2a
=~ (7)> 0

=>m>%=C

-1

>meANBNC

sm=1
Return To Top

N |2 -

-
\ 4

=% ' Find the values of m for which the equation x* + (1 — 2m)x? + (m? — 1) = 0 has thre:\ {%




\

e
V | Find the values of m for which the equation x* + (1 — 2m)x2+ (m?2 - 1) =0 hasthree\\ { U

i real distinct solutions

me€ (1,2)

3
m
VS
—_
N
N——"

N
3
m

Return To Top



~ Session 06

/ Theoryof Equations & \
Transformation of
Polynomial Equation
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Key Takeaways \ V.

Cubic Equation

Let a cubicequationbe: ax3 +bx?+cx+d=0;Whereab,c,d €R,a+#0

» Rootsof the equation can be real or imaginary.

» If coefficients are real, then there exists at least one real root for the cubic equation.
(Imaginary rootsoccurin conjugate pairsi.e. if p + iq is one root, then p — iqg will also be
the root)

» If coefficients are rational,then irrational rootsoccur in conjugate pairs.

(If p ++/q isoneroot, then p —+/q will also be the root)

\Retum ToTop




’\R

p) Key Takeaways \ 4

Cubic Equation
Let a cubicequation be: ax3 +bx? +cx+d=0; Wherea,b,c,d€R,a =0

If rootsof the equationare: a,B,y, then
ax3+ bx?>+cx+d =alx —a)(x—B)(x—y)
=a(x®—x*(a+B+y) +x(af + By +ya) —afy)
On comparing,

> a+f+y =Qa) =—§ (S; : Sumof roots taken one at a time)
> af+pBy+ya =Qap) =§ (S, : Sum of roots taken two at a time)

» afy =[la =—= (P:Productofroots)

QI

eturn To Top




‘p ) Key Takeaways

Cubic Equation

N |
ote )

» If rootsare given, then the cubic equation can also be written as

/ x3 —(SDx?+(S)x—P=0

kFQeturn To Top




’ If a, 5,y are the roots of the equation 2x3+ x? —3x—1 =0, \ %

— then the value of () a+ B +y (ii) af + By + ya (iii) aBy, are :

Solution:

: b 1
0a+ﬁ+y=—;=—5

c

i) af + fy +ya="2=—>

a

iif) afy = —= =~

a

Return To Top



@ / If one root of the equation x3 —7x?>+ax+b =0,a,b €R, is 3 + 2i, then \ {%
the ordered pair (a,b) is: -

Solution ;

1915

x3—7x°+ax+b=0

Let therootsbe:3+ 2i,3—2i,a y (19,-13)
Sumofroots=6+a=7>a=1
C (19,13)
Sum taken twoat a time:;
a=(B+20)B3-20)+B+2)a+(B-2i)a=>13+6a=a ﬂ (=19,—13)
>a=19

Productofroots:—b =3 +2)(3—-2)a

~ (a,b) =(19,-13) =h=-13

Return To Top



’ \ Let a, B,y be the rootsof the equation (x —a)(x —b)(x —c) =d ,d # 0, then the %
7z / rootsof the equation (x —a)(x— B)(x—y) +d =0 are:

Solution:

a+1,b+1,c+1
Rootsof equation (x —a)(x —b)(x —c)—d =0 area,pf,y

b,
Thus, (x — @) (x — B) (x — ¢) —d = (x — ) (x — B)(x—y) S

(k- -bx-c)=(x-a)x-plx—y) +d R 1 c -1

QQe: @

x—a)x—B)x—y)+d=(x—-a)x—b)(x—c) aenlh—1,c—1

~ Rootsof the equation (x —a)(x —B)(x—y) +d =0are:a,b,c

Return To Top



’ \ If equationsx® +x —2=0andax? + bx+ c =0, (a,b,c € N) have two roots
; / common,then the minimum value ofa+ b + ¢ is:

Solution:

x3+x—-2=0=2(x-1D&%*+x+2)=0

—1+V7i
Roots are 1,;\/_

So, the common roots with the equation ax?+ bx + ¢ = 0

—1 ++/7i

will be (since imaginary roots occur in pairs)

~ Equationsx?+x+2=0
} Have both rootscommon
ax’+bx+c=0
sa:b:c=1:1:2

Minimumyvalueofa+b +cis 4
Return To Top



\

o
.J / Theory of Equations

If @y, a5, @, arethe rootsof the equation,
fx) = agx™+ ax™ 1+ +a,_1x+a,,

where ay,a4,:*,a, € Rand ay # 0,n € W, then

S;:Sumofrootstakenoneatatime=Ya, = —%
0

S;: Sumof roots taken twoat atime= Y a a, = %
0

as

S3: Sumof roots taken threeat atime = Y ajazas = — =

(0]

P: Productofroots= [[a, = (_1)71;&
(0]

Return To Top



= \ If a, B,v,8 are the rootsof the equation —4x* — 3x%2 + 5x — 7 = 0, then find the \ {%

— ]

-ﬂ/ value of; =
m— DX« N (ii)) ¥ aBy N
Solution: ?

S;:Sumofrootstakenoneatatime=Ya; = —%
0

—4x*—3x%2+5x—7=0

S,: Sum of roots taken two at a time = Y a;a, = %

—4x*+0-x3—-3x24+5x—7=0 ao
S;: Sumof roots taken three at atime = Y ayapa; = — =
() Xa=0 Qo
P: Productofroots = [la, = (—1)";ﬁ
(i) Yap => . ° 4

4
(iii) L apy =
(iv) [Ta = Z

Return To Top



= \ If a, B,y,8 arethe rootsof the equation x* + px? + gx +r = 0, then find
2 )
g the equation whose roots are: afy,afd,ayd, Byd

Solution:

Rootsare afy,afd, ayd, fyd

Since afdy =r = Rootswill become:%,)r/,%,

Let the equation whose rootsare be Ay*+ By3+ Cy?+ Dy+ E=0

Yy =7 y

Thus, the transformation will be x —» § inthe equationx* + px?+qgx+r=20

() +p() +a()+r=o

OR replacey by x

So, the equation will be: (£)4 + p(£)2 +q GC) +r=0
~ Therequired equationis x* + gx3 + prx?+r3 =0

Return To Top



‘p CYAELCEWENS

Transformation of a Polynomial Equation

Let q; is a root of the equation agx™ + a;x™" 1t + -+ a,_,;x+ a,, = 0, then the
equation whose rootsare:

> a;+kVi. replacex ->x—k
> a;-kVi replacex—%

> pa;+qVi replacexq%
> iVi: replacex—>§

1
» (@)"VineN: replacex — (x)n

1
» (@)nVineN replacex - (x)"

\Return ToTop




\

’ | If roots «a, B,y are of the equation x3 — 6x2 + 10x — 3 = 0, then the cubic

equation with the roots 2a + 1,28 + 1,2y + 1, is:

Solution:

Roots:a, B,y
x3—6x2+10x—-3=0

Therequired equation having roots2a+1, 28+ 1, 2y + 1
Is:

x—l3 x—12 x—1

(5) -6(57) +10(57)-3=0
>(x-1)3-12(x-1?+40(x—1)—-3:-8=0
=>x3—1—-3x2+3x—12x%2—-12+24x+40x—40—-24=0

=x3 —15x%24+67x—77=0

Return To Top

. x—1
Transformation:x — —~ J

p:



= \

? : If rootsa, 5,y of the equation x* + gx + r = 0, then the equation whose rootsare \ {%
/ a+pB,B+v,y+alis: -

Solution:

Rootsarea+ B, +v,y t«a l Transformation:x - —x J

Sincea+p +y=0=>a+p =y,

B +y=-«a
A x3—qgx—1r=0

yta=-p

gx3 —x+r=0

So, theroots become —a,— B,—y

g xX3+qgx—7r=0
Thus, the equation will be:

(xR (COEI=N0 ﬂ rx3—qgx+1=0

Return To Top



/4
% / of x € R satisfying the equation [e*]? + [e* + 1] — 3 = 0 lies in the interval:
( JEEMain Jul 2021
Solution:

Given: [e¥]? +[e*+1] -3 =0 [Oé)
= [eX]*+ [e¥] -2=0

= ([e¥]+2)([e] - 1) =0 ﬂ =)
« [e*] =1, since [e*] = —2 is not possible. [

oy

[0,log, 2)

~e*el1,2)

[log, 2,log, 3)
~ x €[0,log, 2)

Return To Top

Let [x]| denote the greatest integer less than or equal to x. Then, the values \ {%



~ Session 07

/| Descartesrule of sign
changes & Newtons
theorem
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ﬁ CYAELCEWENE

Descartes' Rule
> Let usconsideran equation:x? —3x+2 =0,

Rootsof thisequationare: 1,2 (both positive)
x> —=3x+2=0 Ifwelookatthesign change ofthe coefficients,
T I T it'soccurring two times, and thus 2 positive roots.

1 2
> Let usconsideran equation:x3 —6x>+11x—6= 0,

Roots of thisequationare: 1,2, 3 (all positive)

x3—6x2+11x—6=0 Ifwelookatthesign change ofthe coefficients, it's

+ N * B occurring threetimes, and thus 3 positive roots.

\Retum ToTop




ﬁ CYAELCEWENE

Descartes' Rule

For an equation f(x) = apx™ + a;x™ 1+ -+ a,_1x+a, =0,

where ay, a4, ,a, E Randay, #0,n e W

» Maximum number of positive roots is equal to number of

sign changes between consecutive (non-zero) coefficientsin f(x) = 0.

» Maximum number of negative rootsis equal to number of

sign changes between consecutive (non-zero) coefficientsin f(—x) = 0.

\Retum ToTop




p ) Key Takeaways

Descartes' Rule

E le |
xampe/

f)=x"+5x6—x3+7x+2=0

f(+x)=x" +5x°—x3+7x+2=0
+ + — +  + 2 sign changes = Maximum 2 positive rootsare
N AN A possible for f(x) =0

fx)=x7+5x—x3+7x+2=0

f(—=x)=—x"+5x°+x3—-7x+2=0 3signchanges= Maximum 3 negative roots
— £ | I are possible for f(x) =0
N o N AN

\Retum ToTop




‘p ) Key Takeaways

Descartes' Rule

E le |
xampe/

f)=x"+5x6—x3+7x+2=0

> Asnumber of non real rootsfor f(x) = 0 is equal to

degree of polynomial — number of real roots

~ Maximum 2 positive, 3 negative real roots & at least 2 non-real roots
are possible for f(x) =0

kReturn ToTop




‘p ) Key Takeaways

Descartes' Rule

Note /l Number of positive or negative rootsfor f(x) = 0 is equal to number of

sign changes between consecutive (hon-zero) coefficients or even number times
lesser than number of sign changes.

\Return ToTop




‘p Key Takeaways

Descartes' Rule

Polynomial Equation

Roots

Sign changes

Sign changes

x3+x2+x+1=0

negative root)

for f(+x) =0 for f(=x) =0
x—1Dkx—-2)=0 (or) 1,2 (both roots 9 0
x?—3x+2 positive)
x2—2x+3=0 1+ iV2 2 0
x—-1Dx-2)(x—-3)=00rx3- 1,2,3 (three 3 0
6x’+11lx —6=0 positive roots)
(x+1Dx?>+1)=0o0r —1,+i (one 0 3

kReturn ToTop




‘p ) Key Takeaways

Descartes' Rule

E le |
xampe/

> f(x) =2x>+x*—x2—6x+5=0

fl+x)=2x>+x*—x?2—-6x+5=0
+ + S

N

2 sign changes.

Maximum 2 positive real rootsare possible for f(x) = 0

Hence, f(x) = 0 will have either 2 positive real rootsor none.

\Return ToTop




‘p ) Key Takeaways

Descartes' Rule

E le |
xampe/

>

\Return ToTop

fx)=2x>+x*—x>—-6x+5=0

fl(—=x)=—-2x5+x*—x?>+6x+5=0
— & S

NN AN

3 sigh changes.

Maximum 3 negative real rootsare possible for f(x) =0

Hence, f(x) = 0 will have either 3 or 1 negative real roots.




Descartes' Rule

=

>

Note /I

If the number of sign changesin f(x) = 0is 0 or 1, then number of positive root(s)

for f(x) = 0 is equal to number of sign change.

If the number of sign changesin f(—x) = 0is 0 or 1, then number of negative

root(s) for f(x) = 0 is equal to number of sign change.

4

Return To Top



Return To Top

Descartes' Rule

E le |
xampe/

> f(x)=x*>+3x+2=0

Rootsof thisequationare: —1,-2

x24+3x+2=0
+ + +

Zero sign change: 0 positive root

(both negative)



D / For the equation 3x* + 12x? + 5x — 4 = 0, Which of the following is \ {%

— / are true ?

Solution: Given Equation:3x*+12x> +5x—4 =0

Let f(x) =3x*+12x2 +5x—4 =0 .
A

By Descartes' Rule: number of

sign change=1 : :
J 2 ‘ Tworeal and two imaginary roots

So, positive rootis 1

Sy ‘ One positive and one negative roots

f(=x) =3x*+12x>-5x—4=0 ﬂ

number of sign change=1

So, negative rootis 1

So, other two rootsare imaginary.
Return To Top



e \
. / Equations Reducible to Quadratic Form

By using some appropriate substitution,
we can convert certain equationsto quadratic equation form.

Exampl
il PR

> (% +x)%— '((x +x)i—5:

Convertedintoquadratic =t2—t—-5=0

> log? x-l-'logx. 5=0

_____

Convertedintoquadratic =t?+t—-5=0

Return To Top



“4 | A\ F
B/ The number of real roots of the equation, e** + 2e3* —e* — 6 =0, is:

Solution: ( JEE Main Aug 2021

Given:f(x) = e** + 2e3*—e* -6=0

Lete* =t (t>0) ?

Note)
=>f(E)=t*+2t3—t—6 7

If the number of sign changesin f(x) = 0

Number of real roots for is 0 or 1, then number of positive root(s)
f(x) = 0 is equal to number for f(x) = 0 is equal to number of sign
of positive rootsfor f(t) =0 ! SN 74

Using Descartesrule,

N

Number of sign changesforf(+t)= + + = =  1signchange

So 1 positive root exists for f(t) = 0

= 1 real root exists for f(x) =0

Return To Top



) | A\ F
V / The number of real roots of the equation, e** + 2e3* —e* — 6 =0, is:

( JEE Main Aug 2021

o o [l - [

Return To Top



= \ . : \ Vs
Pp / The number of real roots of the equation, e** + 2e3* —e* — 6 =0, is: '

Solution: ( JEEMain Aug 2021

Given:e** + e3¥ —4e2X X +1 =0

Let e* = ¢, 3
Equation becomes: t* +t3—4t?+t+1=0

Divide by t? !
(2+5)+(t+3)—4=0

Putt+%=z il
z2—2+4+z-4=0

=>z=-3,2 =>t+%=—3,2(—3 Is not possible ast > 0) 4

t2—2t+1=0

>t=1 >e*=1=>x=0 -~ Thenumber ofreal rootsis 1.

Return To Top



?/ Number of distinct real roots of the equation

— (x? —x — 1)("2_3“2) =1, is:

Solution:

n _
Given: (x% — x — 1)@ -3x+2) = ¢ a =1

Casel:a=1
Casel:a=1

Case2:n=0
x2—x—1=1

Case 3:a = —1 (n: even)
>x2—-x—-2=0
>x=-1,2
Case2:n=0
x2=3x4+2=0

>x=1,2

Return To Top



= B ) 3x42) — s

Solution:

Given: (x? —x — 1)(x2‘3x+2) =1

Case 3:a =—1 (but heren hasto be even)
x2—x—-1=-1

>x>—x=0

>x=0,1

Forx=0 - x?—-3x+2=2 (even)

Forx =1 - x%2—-3x+2=0 (even)

~ Number of real distinctroots= 4

Return To Top

=% | Number of distinct real roots of the equation

a =1
Casel:a=1
Case2:n=0

Case 3:a = —1 (n: even)

. 08



0 ) éKey Takeaways \ A

Newton’s theorem
Let @ and B are the roots of the quadratic equation ax? + bx + ¢ = 0,a # 0 and

(i) Sumof nt" power of rootsi.e, a™ + " =S,
(ii) Difference of n'" power of rootsi.e, a™ — "= D,

aSn+2+bSn+1+Sn=0; aDn+2+bDn+1+CDn=0(nEN)

Proof: @ and B are the roots of the quadratic equation ax® + bx + ¢ =0
Saa’+ba+c=0

a(aa®? +ba+c)=0

= aa™? + ba" 1 +ca™ =0--- (i)

Similarly, ap™?2 + bg™ 1 + cp™ = 0--- (ii)

KReturn ToTop




‘p ) Key Takeaways

Proof:  a™?+ ba™?! +ca™ =0--- (i)

+ aﬂn+2+ bﬁn+1+ C,Bn =0--- (ll)

a(an+2 +ﬁn+2) + b(an+1 _|_'3n+1) + C(an + ﬁn) =0

:>aSn+2+bSn+1+CSn=0

Similarly,
a™? + ba™tt + ca™ = 0--- (i)

— aﬂn+2+ blgn+1+ C,Bn =0-- (ll)

a(an+2 i Bn+2) + b(an+1 i ﬁn+1) + C(an _ Bn) =0

@aDn+2+bDn+1+CDn=0

\Return ToTop




’) Let « and B be the roots of x2 —6x —2=0.Ifa, = a™ — " forn > 1, \ %

then value of 2107298 jg: :
3aq ( JEE Main Feb 2021

Solution:
Method 1: 4
Given:
D, =:‘xn’_'l?n
ap,=a”—pB" & x2—6x—2=0 1
— aDn+2 + bDn+1 + CDn = O
= Apiz — 6an41 —2a, =0
2
Substitutingn = 8
3

$a10_6a9_2a8=0

— alo - 2a8 - 6a9

aA19—20a 6a
= 10 8= 9=2
3a9 3a9

Return To Top



’) Let « and B be the roots of x2 —6x —2=0.Ifa, = a™ — " forn > 1, \ %
— then value of 210=2% j; )

3aq ( JEE Main Feb 2021
Solution:

4
Method 2: @ and B be the rootsof x? — 6x — 2 = 0.
ai90—2ag __ (alo_ﬁm)_z(as_ﬂs) a’?—6a—-2=0 1
3a9 - 3(“9_ﬁ9)
(a10_2a,8)_(310_238) = az —2 =6a
- 3(a®-p2) P
BZ—68—2=0
_ a®(a?-2)-p8(p%-2)
T 3@ B =>p*—2=06p 3

_ a®(ea)—pB(6pB)
 3(a2-B9)

_6(®-p°) 6 _
= 3—p) 3 2

Return To Top



=p> If @, B are roots of equation x? + 5(v2)x+ 10 = 0, > g and P, = a” —ﬁ"\\ {%

ey . P{-P5,0+5V2P;7P;q -
for each positive integer n, then the value of 129 v2 L2 s equal to:
P1gP19+5V2Pg

( JEEMain July 2021

Solution: a™2(a? + 5v2a +10) = 0 - (1)

IBn—Z(lgz + 5\/§’8 + 10) =0--(2)
From (2) — (1)
Py +5V2P,_1 = —10P,_,

P17(P20+5\/EP19) _ P;-(=10Pg)
Pig(P1g+5vV2Pyg)  Pyg-(~10P;;)

Return To Top
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